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A gyrokinetic linear stability analysis of a collisionless slab geometry in the local approxi-
mation is presented. We focus on k‖ = 0 universal (or entropy) modes driven by plasma
gradients at small and large plasma β. These are small scale non-MHD instabilities
with growth rates that typically peak near k⊥ρi ∼ 1 and vanish in the long wavelength
k⊥ → 0 limit. This work also discusses a mode known as the Gradient Drift Coupling
(GDC) instability previously reported in the gyrokinetic literature, which has a finite
growth rate γ =
√
β/[2(1 + β)]Cs/|Lp| with C2s = p0/ρ0 for k⊥ → 0 and is universally
unstable for 1/Lp 6= 0. We show the GDC instability is a spurious, unphysical arti-
fact that erroneously arises due to the failure to respect the total equilibrium pressure
balance p0 + B
2
0/(8pi) = constant, which renders the assumption B
′
0 = 0 inconsistent if
p′0 6= 0.
a)Electronic mail: Barrett.N.Rogers@dartmouth.edu
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I. INTRODUCTION
We present gyrokinetic linear stability studies of a collisionless slab geometry in the local
approximation to entropy or “universal” modes with k‖ = 0 at small and large plasma β =
8pip0/B
2
0 , p0 = pi0 + pe0. The term entropy mode is used in a variety of ways in plasma
physics and is sometimes associated with the universal mode. The former is not to be confused
with the stationary entropy wave eigenmode of ideal MHD1. The entropy mode has a history
that goes back more than five decades2. It received this appellation because though the mode
perturbs the density and temperature, the plasma pressure remains undisturbed and thus
entropy fluctuations ensue (S = pn−γ is the specific entropy, p the total plasma kinetic pressure,
n the density and γ the ratio of specific heats). These are non-MHD instabilities with growth
rates that typically peak near either k⊥ρi ∼ 1, and vanish in the long wavelength k⊥ → 0
limit. They can be unstable even in the absence of finite k‖3, magnetic curvature4, electrical
resistivity5, electron inertia6, electromagnetic effects7,8, collisionless damping9,10, wave-particle
resonances9, magnetic shear7,8 and many other effects.
Past studies of the entropy mode were mostly carried out in the kinetic framework, using
either the Vlasov equation10, drift kinetics3 or gyrokinetics7,8,11. Some fluid estimations also
exist4,12; as well as MHD studies, as in Ref.13, where entropy modes are also termed drift
temperature gradient modes. Aside from the perturbed entropy at constant pressure a charac-
teristic of these modes is that their stability depends on −d ln p/dlnV (V is the volume per unit
flux) and η = d lnT/d lnn. However some of the studies above also explore how collisionality
modifies stability regions. The research mentioned thus far has been performed in the electro-
static limit, some for slab geometries as well as curved magnetic fields such as Z-pinches2,8,12
and dipoles7.
The analysis presented here treats entropy modes in the sense that an MHD-stable equilib-
rium with constant total plasma pressure p + B2/(8pi) is considered, but entropy fluctuations
are possible. Since the kinetic pressure of the plasma is not guaranteed to remain constant,
this work may not examine entropy modes in the historical sense of the name. Because we are
concerned with instabilities driven by a density (or temperature) gradient, the term universal
instability may be more applicable. Entropy and universal instabilities are used interchange-
ably from time to time. The term universal also goes back to the 1960’s14,15, referring to modes
that were excited by the presence of a density gradient. Given that an inhomogeneous density
was a ubiquitous property of (confined) plasmas this phenomenon was deemed universal. In
the later half of the twentieth century it was thought to be the microinstability with the dom-
inant contribution to transport. The universal instability is one in a class of drift waves and
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thus sometimes was referred to as universal drift mode (or wave), or even just a drift mode.
Early on it was found that these modes, driven by electron-wave particle resonance coupled
with the density gradient, were always unstable in a shearless magnetic field16,17. Weak shear
did not appear to stabilize the mode. But in 1978 three papers18–20 addressing this slab system
in the absence of temperature gradients, parallel currents or magnetic curvature, concluded
that including the full electron dispersion function absolutely stabilized the mode for any shear
strength. The reason was attributed to damping caused by non-resonant electrons. These
works, along with an earlier one that considered the stabilizing influence of more complex
geometries and temperature gradients21, disputed the use of the term “universal” since most
properties of real-world plasmas appear to stabilize the mode.
The universal mode appeared to suffer a sudden death after 1978. A short-lived resurgence
occurred when a study of sheaths found that in strongly localized plasmas magnetic shear
can in fact have destabilize universal modes22. More recently, universal modes were studied
in toroidal systems and found to coexist with finite shear and temperature gradients, though
considerably stabilized by perpendicular magnetic field perturbations23 (i.e. δA‖). Moreover,
the stability of the slab has been re-examined at the sub-ion Larmor scale and found to be
unstable even in the presence of shear24 due to a relaxation of the assumption that the radial
extent (in the direction of the density gradient) of the mode is much larger than the ion Larmor
radius (ρi). This has reinvigorated the exploration of universal modes, with Ref.
25 exploring
its role in subcritical turbulence and Ref.26 investigating these modes in general geometries.
The modes to be explored here share similarities with both entropy and universal instabil-
ities. For that reason, and due to the occasional swapping of these terms, we may call the
modes in this paper by either name. We shall refer to them as universal modes. Most of the
research into both entropy and universal modes has been carried out in the electrostatic limit,
and thus this presents one of the few electromagnetic studies available. It also offers the first
view into the electromagnetic effect of supporting parallel magnetic field fluctuations (δB‖).
As a start we describe the system under study in section II. In this segment we also comment
on how the spurious gradient-drift coupling (GDC) instability27,28 arises from a simplified fluid
estimate. Section III presents the gyrokinetic dispersion relation for these universal modes,
whose derivation is outlined in appendix A and complemented by the supplemental material.
The low β limit is examined in III A and the high β case in III B. With the gyrokinetic model of
these universal modes in hand we show that one can obtain the GDC instability via violation
of total pressure balance in section IV. Conclusions and future directions are summarized in
section V.
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II. EQUILIBRIUM PRESSURE BALANCE AND THE PROBLEM WITH
GDC
Let us evaluate a shearless slab geometry in which the magnetic field (B = Bzˆ) and its
perturbations are entirely in the z-direction, the equilibrium gradients in the x-direction, and
the wavenumber of the perturbations along y: k⊥ = kyˆ, such that the perturbations vary with
t and y as exp(−iωt + iky). We consider low frequency modes in a hydrogenic plasma that
maintains the total pressure balance condition p+B2/(8pi) = constant. Writing p = p0(x) + p˜,
B = B0(x) + B˜, in the case of the perturbations this implies
p˜ = −B0B˜
4pi
, (1)
while for the equilibium p′0 = −B0B′0/(4pi) (primes denoting d/dx), or
1
LB
=
B′0
B0
= − β
2Lp
,
1
Lp
=
p′0
p0
. (2)
A key finding of this study is the importance of the total pressure balance relation of the
equilibrium: failure to respect this condition in the stability analysis can lead to unphysical
instability. In particular, if one assumes p′0 6= 0 then one must account for finite 1/LB =
−(β/2)/Lp rather than, as in some past studies, assume B′0 = 0. Consider for example the
usual decomposition of the ion and electron fluid drift velocities into E ×B, diamagnetic and
polarization drift components (neglecting the latter for electrons) with φ = φ˜ the perturbation
of the electrostatic potential
vi =
c
B
(
zˆ×∇φ+ 1
ne
zˆ×∇pi + i ω
Ωci
∇φ
)
, (3)
ve =
c
B
(
zˆ×∇φ− 1
ne
zˆ×∇pe
)
, (4)
and Ωci = eB0/(mic) is the ion gyrofrequency. These lead to the vorticity (or current continu-
ity) equation:
∇ · n (vi − ve) ' in ωc
ΩciB
∇2φ+∇ · c
eB
zˆ×∇p = 0 + . . . (5)
Linearizing the last term and assuming k  d/dx for the perturbations one obtains
iωk2φ+ i
k
cn0mi
(
p′0B˜ −B′0p˜
)
= 0. (6)
Finally, expressing B˜ in terms of p˜ with Eq. (1) and assuming
p˙+
c
B
zˆ×∇φ · ∇p = 0 + . . . → p˜ = −ckp
′
0
ωB0
φ+ . . . (7)
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yields the dispersion relation
ω2 = −C
2
s
Lp
(
β
2Lp
+
1
LB
)
, C2s =
p0
n0mi
. (8)
Noting the equilibrium pressure balance relation Eq. (2): 1/LB = −β/(2Lp), the right-hand
side of this equation vanishes. The same cancellation occurs in the gyrokinetic calculations to
follow, leaving at low β a leading-order ion drift wave solution ω = ωdi, ωdi = kcp
′
i0/(n0eB0)
as well as a finite-β potentially unstable universal mode solution. On the other hand, if one
inconsistently assumes, as in Ref.27, that B0 is uniform so that 1/LB = 0 even though p
′
0 6= 0,
one recovers a physically spurious instability known in the literature27,28 as the Gradient Drift
Coupling (GDC) instability, which at low β and k → 0 has the non-vanishing growth rate
γ =
√
β/2Cs/|Lp|. More generally, the gyrokinetic calculations to follow (e.g., section IV),
given the (inconsistent) assumptions B′0 = 0 and 1/Lp 6= 0, obtain unconditional instability at
long wavelength for any β with the k → 0 growth rate
γ =
[
β
2(1 + β)
]1/2
Cs
|Lp| . (9)
Numerical simulations with this error contain erroneously unstable box-sized modes and are
physically unreliable.
The next section presents the general gyrokinetic dispersion relation with which we explore
the universal mode and derive the GDC instability by neglecting pressure balance. We have un-
dertaken a more thorough exploration of the universal mode with δB‖ using fluid and gyrofluid
models, but those studies will be the focus of a separate publication.
III. GENERAL GYROKINETIC DISPERSION RELATION
In the gyrokinetic model the fluctuations are considered to be of the same order as the ion
gyro-radius (k ∼ ρ−1i ), and one order smaller than the scales of the equilibrium gradients (kL
1, where L is the equilibrium gradient scale length). For slow frequency modes (ω  Ωi, where
Ωi is the ion gyro-frequency) the fast Larmor motion around the equilbrium magnetic field may
be averaged over to yield a lower-dimensional kinetic equation29,30. This framework has been
formally justified in many parameter regimes and validated in numerous numerical realizations.
For convenience we chose the standard gyrokinetic reduction of the Vlasov equation29 to derive
the general dispersion relation of the system described in the previous section. The procedure
to derive the dispersion relation, which is valid for kρe  1 and any β, kρi, is described in
appendix A, with the additional aid of the supplemental material. In this section we also
investigate the analytically tractable limits of low and high β with kρi  1.
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In this work we use the following definitions of the plasma kinetic to magnetic pressure ratio
and thermal speed of species α:
βα = 8pipα0/B
2
0 , v
2
tα = 2Tα0/mα , (10)
while the ion sound gyro-radius, the ratio of density to temperature gradient scale length and
the ratio of the temperatures are:
ρα = vtα/Ωcα , ηα =
n0T
′
α0
n′0Tα0
, τe =
Te0
Ti0
= τ−1i . (11)
For simplicity and physical insight we utilize the following normalization
ω = ωphysLn/vti , k = kphysρi , v = v⊥α/vtα . (12)
The equilibrium condition discussed above can be written in terms of the parameter α0 as
follows:
Ln
LB
= −β
2
Ln
Lp
= −βiα0
2
, α0 = 1 + τe + ηi + ηeτe . (13)
And throughout this paper we employ the following notation for various modified frequencies:
ω¯i = ω − (k/2)
[
1 + ηi
(
v2 − 1)] , ω¯e = ω + (τek/2) [1 + ηe (v2 − 1)] , (14)
ωbi = ω − (k/2)(Ln/LB)v2 , ωbe = ω + (τek/2)(Ln/LB)v2 . (15)
By using this notation, the dispersion relation (Eq. (A48)) without finite Larmour radius (FLR)
corrections for electrons may be written as
IφQIBA = (2/βi) (IφA)
2 , (16)
where
IφQ = 2
∫ ∞
0
dvve−v
2
[
J20
ω¯i
ωbi
− 1 + τi
(
ω¯e
ωbe
− 1
)]
, (17)
IBA = 1 + 2
∫ ∞
0
dvv3e−v
2
(
J21
2βiω¯i
k2ωbi
+ v2
βeω¯e
2ωbe
)
, (18)
IφA = βi
∫ ∞
0
dvv2e−v
2
(
−2J0J1 ω¯i
kωbi
+ v
ω¯e
ωbe
)
, (19)
and J0(kv) and J1(kv) are Bessel functions of the first kind.
At this stage the pressure balance condition linking 1/Lp and 1/LB as 1/LB = −β/(2Lp)
has yet to be enforced. The scale length 1/LB arising from the ∇B drift (see appendix A)
appears exclusively in the denominators associated with ωbi,e. As we shall show in the follow-
ing sections, the unstable universal modes of interest here (regarding ηi, ηe, Ti0/Te0 as order
unity parameters) have phase speeds that scale as (ω/k)phys ∼
√
βvd, vd ∼ cp′0/(n0eB0) or in
6
normalized units u ∼ √β. Thus at low β, one might expect the corrections due to finite 1/LB
in ωbi,e to be negligible since (for v ∼ 1) they are smaller than ω by a factor of
√
β. But as
we show in the next section, this is not the case. Due to cancellations of the leading terms
in the dispersion relation the 1/LB terms are of the same order as those arising from 1/Lp,
and are essential to the long-wavelength behavior of the growth rate: discarding them leads to
the spurious GDC instability, while properly retaining them produces universal mode growth
rates that vanish for k → 0, as one would expect of non-MHD instabilities. The same is true
at high β  1 though in that case the 1/LB terms are
√
β larger than ω in ωbi,e and are thus
the leading order terms, the neglect of which would be patently incorrect.
Without further simplifications Eq. (16) is difficult to solve analytically but a numerical
solution is feasible as shown in Fig. 1. In general, the growth rates of the universal mode
(correctly enforcing equilibrium pressure balance, Eq. (2)) vanish in the long wavelength k⊥ → 0
limit and peak near k⊥ρi ∼ 1. We confirmed these properties also in the high and low τi limits
(not shown here). Note that the electrostatic study of universal slab modes at sub-Larmor
scales24 showed such modes to peak significantly smaller wavelengths. The stabilization for
large k⊥ is due to FLR effects, as gyromotion averages over very small fluctuations. The linear
growth rate scaling γ ∼ √β to be shown later leads to stronger instability at higher β, as seen in
the figure. The figure also illustrates an unusual property of the universal mode that is further
explored in the sections to follow: instability requires that either ηi, ηe or both be negative.
That is, the density gradient must point in the opposite direction of either the electron or the
ion temperature gradient.
A. Low β  1 limit with kρi  1
Noticing Ln/LB ∼ O(β) and expanding ωbi and ωbe for β  1 to O(β2) as
1
ωbi
=
1
ω
[
1 +
k
2ω
Ln
LB
v2 +
k2
4ω2
(
Ln
LB
)2
v4 + . . .
]
, (20)
1
ωbe
=
1
ω
[
1− kτe
2ω
Ln
LB
v2 +
k2τ 2e
4ω2
(
Ln
LB
)2
v4 + . . .
]
(21)
hence,
ω¯i
ωbi
= 1− k
2ω
+
kηi
2ω
− k
2ω
[
ηi − Ln
LB
(
1− k
2ω
+
kηi
2ω
)]
v2
− k
2
4ω2
Ln
LB
[
ηi − Ln
LB
(
1− k
2ω
+
kηi
2ω
)]
v4 − k
3ηi
8ω3
(
Ln
LB
)2
v6 ,
(22)
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FIG. 1. Linear growth rate of the slab universal mode for τe = 1, ηi = −1, ηe = 2.
ω¯e
ωbe
= 1 +
τek
2ω
− τekηe
2ω
+
τek
2ω
[
ηe − Ln
LB
(
1 +
τek
2ω
− τekηe
2ω
)]
v2
− τ
2
e k
2
4ω2
Ln
LB
[
ηe − Ln
LB
(
1 +
τek
2ω
− τekηe
2ω
)]
v4 +
τ 3e k
3ηe
8ω3
(
Ln
LB
)2
v6
(23)
one obtains
IφQ ' −k
2
2
{
1− k
2ω
(1 + ηi) +
Ln
LB
[
k
ω
− k
2
2ω2
(1 + 2ηi) +
1
2ω2
(1 + τe + ηi + τeηe)
]
+
1
ω2
(
Ln
LB
)2 [
3
2
k2
(
1− k
2ω
(1 + 3ηi)
)
− (1 + τe) + k
2ω
(1− τ 2e + 2ηi − 2ηeτ 2e )
]}
,
(24)
IBA = 1 + βi
{
1 + τe +
k
2ω
[−(1 + 2ηi) + (1 + 2ηe)τ 2e ]
+ 3
Ln
LB
[
k
2ω
(1− τ 2e )−
k2
4ω2
(
(1 + 3ηi) + (1 + 3ηe)τ
3
e
)]}
,
(25)
1
βi
IφA =
3k2
8
[
1− k
2ω
(1 + 2ηi) +
Ln
LB
(
3k
2ω
− 3k
2
4ω2
(1 + 3ηi)
)]
+
k
4ω
(1 + τe + ηi + τeηe) +
Ln
LB
[
− k
2ω
(1 + τe) +
k2
4ω2
(
1− τ 2e + 2ηi − 2ηeτ 2e
)]
.
(26)
First, if one considers the k → 0 limit and (erroneously) assumes ω → const for k → 0,
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then to O(β2), Eqs. (24)-(26) become
IφQIBA =
−k2
2ω2
{
(1 + βi + βiτe)ω
2 +
Ln
LB
[
α
2
− Ln
LB
(1 + τe) +
βiα0
2
(1 + τe)
]}
,
2
βi
I2φA =
βik
2
2ω2
[
α20
4
− α0Ln
LB
(1 + τe)
]
.
(27)
Hence the dispersion relation, Eq. (16), gives
ω2 = −βi
4
α20 −
Ln
2LB
α0 +
βα0
4
(
βiα0 + 4
Ln
LB
)
+ (1 + τe)
(
Ln
LB
)2
+O(β3) . (28)
Now, if one disregards the total pressure balancing condition Ln/LB = −βiα0/2 and takes
(for example) 1/LB = 0, then the leading order in β result is ω
2 = −βiα20/4 which is the
GDC mode growth rate discussed earlier at low β. On the other hand, upon substitution of
Ln/LB = −βiα0/2, the right-hand side vanishes identically up to O(β2).
Continuing under the assumption of equilibrium pressure balance Ln/LB = −βiα0/2, sub-
stituting the expressions for IφQ, etc into the dispersion relation and retaining the leading terms
to O(β) assuming ω ∝ k yields:
IφQ ' −k
2
2
[
1− α1
u
− βiα0
2
(
2
u
− 2α2
u2
+
α0
2ω2
)]
,
IBA = 1 + βi
(
1 + τe − α3
u
)
,
IφA = βi
[
3k2
8
(
1− α2
u
)
+
α0
2u
]
.
(29)
Here u is the normalized phase velocity
u =
2ω
k
=
ωphys
kphysvni
, vni =
cn′0Ti0
n0eB0
(30)
and
α0 = 1 + τe + ηi + τeηe , α1 = 1 + ηi, α2 = 1 + 2ηi , α3 = 1− τ 2e + 2
(
ηi − ηeτ 2e
)
. (31)
Eq. (16) in the long-wavelength limit (k  0) to O(β) then becomes:
a2u
2 + a1u+ a0 = 0. (32)
with
a2 = 1 + βi (1 + τe) , a1 = −α1 + βi [α0/2− (1 + τe)α1 − α3] , a0 = βi (α1α3 − α0α2/2) .
(33)
First, if the finite β terms are neglected then a0 → 0, a1 → −α1, a2 → 1, and one obtains the
solutions u = 0 and
u = 1 + ηi or
(ω
k
)
phys
= vdi , vdi =
cp′i0
n0eB0
, (34)
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indicating system is always stable to O(β0). At finite β, the leading-order universal mode root
may be obtained by solving the quadratic dispersion relation Eq. (32), yielding the instability
condition
∆a = a
2
1 − 4a0a2 < 0 (35)
and the growth rate
γ = Im(ω) = Im(uk/2) = |∆a|1/2k/(4a2). (36)
The scaling u ∼ √β for instability arises from Eq. (35), which shows that instability is only
possible for a21 ∼ a0a2 ∼ β. As a result all three terms in Eq. (32) are O(β) and Eq. (36) yields
γ/k ∼ √β.
10-2 10-1
kρi
10-4
10-3
10-2
γ
(v
ti
/
L
n
)
τe = 1,
ηi = −1, ηe = 2
τe = 0.01,
ηi = −1, ηe = 2
τe = 100,
ηi = −1, ηe = −0.5
β = 0.01
FIG. 2. Comparison of numerical (symbols) and analytic (dashed lines) linear growth rates at β = 0.01
for τe = Te/Ti = 1 (blue circles), cold electrons (τe = 0.01, red crosses) and cold ions (τe = 100, yellow
diamonds).
Fig. 2 shows that the analytic expression for the low β, long wavelength linear growth
rate (36) agrees well with the numerical solution of the full dispersion relation (16) for both
small and large Te/Ti. The normalized linear growth rate γ as a function of ηi, ηe and τe for
kρi = 0.1, β = 0.01 and β = 0.1 are shown in Figs. 3 and 4. These parameter scans, like
those at higher β described in the next section, indicate the universal mode is always stable
for ηi, ηe > 0. This condition can also be proved algebraically, stating that this slab universal
mode only exists linearly in regions where the density gradient opposes the electron or the ion
10
temperature gradient. However, in other geometries8,21 it may be possible to excite a universal
or an entropy instability for ηe = ηi > 0. It is pertinent to mention that this quadratic
approximation becomes less accurate for extreme values of τe if a large k⊥ρi value is used.
FIG. 3. Universal mode linear growth rate as a function of ηi, ηe and τe for kρi = 0.1, β = 0.01.
FIG. 4. Universal mode linear growth rate versus ηi, ηe and τe for kρi = 0.1, β = 0.1.
The instability condition (35) can be further simplified by choosing a particular value of
τe = Te/Ti. If one assumes τe = 1, for example, the instability condition becomes:
∆a = α
2
1 +
β
2
[
α21 + α1 (5 + 5ηe + 2ηi) + 2ηi (1 + ηe)
]
+O(β2) < 0. (37)
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Therefore, this universal mode is unstable only when α1 ' 0 (ηi ' −1) and ηe > −1 with, to
leading order,
γ '
√
(1 + ηe) βk/4. (38)
B. High β  1 limit with kρi  1
Considering the β  1 limit we expand ωbi and ωbe as
1
ωbi
= − 1
di
− ω
d2i
+ . . . , di =
k
2
Ln
LB
v2 (39)
1
ωbe
=
1
de
− ω
d2e
+ . . . , de =
kτe
2
Ln
LB
v2 (40)
hence,
ω¯i
ωbi
=
LB
Ln
[
ηi − (u− 1 + ηi) v−2
]
+
(
LB
Ln
)2
uv−2
[
ηi − (u− 1 + ηi) v−2
]
,
ω¯e
ωbe
=
LB
Ln
1
τe
[
τeηe + (u+ τe − τeηe) v−2
]− (LB
Ln
)2
uv−2
τ 2e
[
τeηe + (u+ τe − τeηe) v−2
]
,
(41)
which turns the integrals in the dispersion relation into
IφQ = −τ˜ − k
2
βiα0
(u− 1) +RφQ , (42)
IBA = − k
2
2α0
(u− α2)− 2u
βiα20
[
τ˜u− k
2
4
(u− α1)
]
, (43)
IφA = − 1
α0
[
uτ˜ − 3
8
k2 (u− α1)
]
, (44)
Here, τ˜ = 1 + τi. In the expression for IφQ the residue RφQ comes from, to O (β
−1), the
multiplication of the lowest order term in the expansion of J20 and ω¯i/ωbi, and the lowest order
terms in ω¯e/ωbe. On can integrate these terms to yield
RφQ ' − 2
βiα0
{
ηi + τiηe + (u− 1 + ηi)
[
γEM + ln
(
2u
βiα0
)]
− τ 2i (u+ τe − τeηe)
[
γEM + ln
(
− 2τiu
βiα0
)]}
,
(45)
where γEM ' 0.57721... is the Euler-Mascheroni constant. Substituting Eq. (42)-(44) into the
general dispersion relation (16) yields a transcendental dispersion relation. If the small RφQ
term is neglected31, then to O(β−1) a simple quadratic dispersion is obtained:
b2u
2 + b1u+ b0 = 0 (46)
with
b2 = 2 , b1 = −2α1 + βiα0 , b0 = −βiα0α2. (47)
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Similar to the low β limit, instability occurs when
∆b = b
2
1 − 4b0b2 < 0 (48)
with
γ = Im(ω) = Im(uk/2) = |∆b|1/2k/8. (49)
As before, the scaling u ∼ √β for instability arises from Eq. (48), which shows that instability
is only possible for b21 ∼ b0b2 ∼ β. As a result all three terms in Eq. (46) are O(β) and Eq. (49)
yields γ/k ∼ √β.
10-2 10-1
kρi
10-2
10-1
100
γ
(v
ti
/
L
n
)
τe = 1,
ηi = −0.95, ηe = −0.95
τe = 0.01,
ηi = −1, ηe = 3
τe = 100,
ηi = −1.7, ηe = −0.9
β = 100
FIG. 5. Numerical (symbols) and analytic (dashed lines) linear growth rates at β = 100 for τe =
Te/Ti = 1 (blue circles), cold electrons (τe = 0.01, red crosses) and cold ions (τe = 100, yellow
diamonds)
Fig. 5 shows that Eq. (49) is in good agreement with the general dispersion relation (16)
in the low k limit for three sets of temperature ratios and ηi,e values. The dependence of the
growth rate on the ηi and ηe ratios is illustrated in Figs. 6 and 7 from the cold electron (τe  1)
to the cold ion (τe  1) limit for kρi = 0.1, β = 10 and β = 100. Again, these results and
a simple algebraic proof (not shown here) demonstrate that, in the high β, long wavelength
limit, a necessary condition for this slab universal mode instability is that at least one of ηi
and ηe be negative.
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FIG. 6. Universal mode linear growth rates versus ηi, ηe and τe for kρi = 0.1, β = 10.
FIG. 7. Universal mode linear growth rates versus ηi, ηe and τe for kρi = 0.1, β = 100.
IV. THE SPECIOUS ORIGIN OF THE GDC INSTABILITY
In Ref.27 a new gradient-drift coupling (GDC) instability is discussed as existing in a shear-
less slab with a density or a temperature gradient, or both. No parallel variation is allowed,
nor are perpendicular magnetic fluctuations (A‖ = 0). These appear as key ingredients for a
universal instability. An analysis of turbulence in the Large Plasma Device (LAPD) was found
to exhibit signs of GDC activity. However, the initial work on the GDC instability ignored
14
the equilibrium pressure balance relation (A7) by assuming 1/LB = 0, thus generating this
unphysical mode. In the derivation presented here the GDC is obtained by taking 1/LB = 0
such that ωbi = ωbe = ω. By doing so we can reproduce the GDC growth rates described in
Ref.27, as shown in Fig. 8.
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p
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β = 0.1
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(a)
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β
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γ
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s
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)
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FIG. 8. Reproduction of the GDC instabilitiy with τe = 1, ηi = ηe = 0 and B
′
0 = 0: (a) linear growth
rate spectra for different β; (b) β scaling at kρi = 0.02 from general dispersion relelation Eq. A48
(blue circles) and low k estimation Eq. 53 (black dashed line). Similar figures were reported as Figs.
3 and 4 in Ref.27.
In order to more gradually demonstrate the effect of violating this pressure balance, Figs. 9
and 10 show numerical solutions of the full dispersion relation with a factor of χ inserted in
front of 1/LB = −β/(2Lp). This χ factor is alowed to vary from 0 to 1, illustrating in two
representative cases the shut-off of the GDC mode as one increases χ from 0 (the GDC limit)
to 1 (the physically correct value). As χ reaches 1 the growth rate vanishes for all k⊥ and all
β.
Finally we consider the analytically tractable limit of kρi  1 with the GDC assumption
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FIG. 9. Vanishing of the GDC mode growth rate as 1/LB is increased from zero (χ = 0) to its correct
value −β/(2Lp) (χ = 1) at various β and kρi for Te = Ti, ηi = ηe = 0.
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FIG. 10. Vanishing of the GDC mode growth rate as 1/LB is increased from zero (χ = 0) to its
correct value −β/(2Lp) (χ = 1) at various β and kρi for Te = Ti, ηi = ηe = 4.
1/LB = 0 such that ωbi = ωbe = ω. With the small-argument expansions of the Bessel functions
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(A31), Eqs. (17)-(19) become
IφQ = −k
2
2
(
1− α1
u
)
,
IBA = 1 + βi
(
1 + τe − α3
u
)
,
IφA = βi
[
3k2
8
(
1− α2
u
)
+
α0
2u
]
,
(50)
where u, α0,1,2,3 are defined in (30) and (31) respectively. Substituting Eqs. (50) into Eq. (A48)
yields the dispersion relation of the GDC instability at low k for arbitrary β:
c2u
2 + c1u+ c0 = 0 (51)
where
c2 = (1 + β) k
2 +
9
16
βik
4 ,
c1 =
[
3
2
βiα0 − α1 (1 + β)− βiα3
]
k2 − 9
8
βiα2k
4 ,
c0 = βiα
2
0 +
(
α1α3 − 3
2
α0α2
)
βik
2 +
9
16
βiα
2
2k
4 .
(52)
The instability condition is ∆GDC = c
2
1 − 4c2c0 < 0 with
γ = Im(ω) = Im(uk/2) = |∆GDC |1/2k/(4c2), (53)
where in this case the discriminant is
∆GDC = −4βi (1 + β)α20k2
+
{
[(1 + β)α1 − βiα3]2 + βiα0 [3 (1 + β) (2α2 − α1)− 3βiα3]
}
k4 +O(k6) .
(54)
To O(k2), ∆GDC ' −4βi (1 + β)α20k2 < 0 if α0 is finite. This means in the long wavelength
limit the GDC instability is unconditionally unstable (Fig. 11, and the structure of the high
β case is identical albeit with different magnitudes) unless α0 = 0 in which case the O(k
4)
stability condition becomes ∆GDC = [(1 + β)α1 − βiα3]2 k4 ≥ 0. Physically, α0 = 0 implies an
isobaric plasma, i.e., 1/Lp = 0. More intuitively speaking, the phenomenological explanation
offered in Ref.27 (see paragraph below figure 2 therein) disregards the necessary equilibrium
gradient in B0 responsible for a ∇B drift that helps break the positive feedback loop behind
the instability.
V. CONCLUSION
We have explored the gyrokinetic stability of electromagnetic (δB‖) “universal” or entropy
modes driven by density and temperature gradients in slab geometry. As is typical of such
17
FIG. 11. GDC instability linear growth rate γ as a function of ηi and ηe from cold electron (τe  1)
to cold ion limit (τe  1) for kρi = 0.02, β = 0.1. Red line denotes α0 = 0.
modes, the instability conditions sometimes exhibit a complicated dependence on the density
and temperature gradients. We have shown that the failure to respect the total pressure/force
balance of the equilibrium in low frequency theories that order-out compressional magnetosonic
waves can lead to fictitious instability, such as the gradient drift coupling (GDC) mode in the
gyrokinetic literature. Fortunately for studies which violate equilibrium force balance, this
fictitious mode can sometimes be stabilized by magnetic shear27.
There is no mathematical or physical relationship between the GDC and universal modes
described here. The former is universally and spuriously unstable at arbitrarily long wave-
lengths in all parameter regimes with 1/Lp 6= 0 due to order-unity mathematical errors. This
will produce unphysical behavior in nonlinear turbulence simulations, for example, which tend
to be dominated by the longest-wavelength unstable modes in the system. In contrast, the
universal modes are small-scale instabilities with growth rates that vanish for k → 0 and are
unstable only in constrained parameter regions (i.e. negative ηi and/or ηe). We conclude that
when the underlying mathematical errors are corrected the GDC mode does not continue to
exist in the theory in any recognizable form.
These universal instabilities are interesting and potentially existent in a variety of space
and laboratory plasmas. The non-linear saturation mechanism of these modes is another
unresolved issue of interest that ought to be explored in the future, just as is quantifying the
particle and energy transport that these modes are responsible for. Such studies will be carried
out in the future. In the meantime we have also pursued the analysis of this electromagnetic
universal mode system with fluid and gyrofluid models, results that are reported in a separate
18
publication.
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Appendix A: Derivation of the gyrokinetic dispersion relation
In this section we derive the gyrokinetic dispersion relation discussed in the previous sections,
starting from the Vlasov equation for species α = i, e with qi = e = −qe. Our derivation,
presented here for the convenience of the reader, is equivalent to the linear stability calculations
presented in Ref.29, for example, and numerous other sources.
We assume a magnetic field purely in the zˆ direction and an equilibrium state that depends
only on x, such that
B =
(
B0(x) + B˜
)
zˆ (A1)
where the perturbed magnetic field B˜ ∝ e−iωt+iky. The electric current is related to the
magnetic field by Ampere’s law
J =
c
4pi
∇×B→ J0 = J0yˆ with J0 = − c
4pi
B′0 (A2)
where we denote x-derivatives by primes: d(. . . )/dx = (. . . )′. This current must be carried by
a drift velocity consistent with the force balance relation
nqα (E + vα ×B/c) = ∇pα → vα = (vE + vdα) yˆ
with vE = cφ
′
0/B0 , vdα = cp
′
α0/(n0qαB0)
(A3)
where φ0 is a possible equilibrium electric potential (soon to be dropped) and thus
1
c
J0 ×B0 = 1
c
J0B0xˆ = −B
′
0B0
4pi
xˆ =
n0e
c
(vdi − vde)yˆ ×B0 = p′0xˆ, (A4)
or,
p′0 +
B0B
′
0
4pi
= 0 (A5)
which is essentially the total pressure balance relation:
p0 +B
2
0/(8pi) = const with p0 = pi0 + pe0. (A6)
Eq. (A5) also implies that
L−1B = −βL−1p /2 (A7)
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where L−1B = B
′
0/B0, L
−1
p = p
′
0/p0 and β = 8pip0/B
2
0 .
Denoting
v¯ =
v
vtα
, v2tα =
2Tα
mα
, (A8)
v¯dα =
vdα
vtα
=
vtα
2LpαΩα
, Ωα =
qαB0
mαc
,
1
Lpα
=
p′α
pα
(A9)
we proceed with a solution to the linearized Vlasov equation for species α = i, e as an expansion
in  ∼ ρα/L, ρα = vtα/Ωα where L is a typical equilibrium scale length such as Ln, Lp,
etc. Suppressing the species label α and omitting for simplicity the collision operator and an
equilibrium electric field, E = E˜:{
∂t + v · ∇+
[
q
m
E˜ + Ω
(
1 +
B˜
B0
)
v × zˆ
]
· ∇v
}(
Feq + f˜
)
= 0 (A10)
where the equilibrium distribution function to O(): Feq = F0 + F1 + . . . obeys
(v · ∇+ Ωv × zˆ · ∇v) (F0 + F1 + . . . ) = 0 . (A11)
Noting that
v = vxxˆ + vyyˆ + vzzˆ , vx = v⊥ cos ξ , vy = v⊥ sin ξ , (A12)
v × zˆ · ∇v = vy ∂
∂vx
− vx ∂
∂vy
= − ∂
∂ξ
(A13)
where ξ is the gyro-angle and choosing F0 to be independent of ξ as
F0 =
(
n0
pi3/2v3t
)
e−v¯
2 → ∂ξF0 = 0 , (A14)
Eq. (A11) to first order in  reduces to
Ω∂ξF1 = v · ∇F0 → F1 = vy
ΩLF
F0 ,
1
LF
=
1
Ln
+
1
LT
(
v¯2 − 3
2
)
. (A15)
The perturbation f˜ which is proportional to exp(iky − iωt) obeys
(−iω + v · ∇+ Ωv × zˆ · ∇v) f˜ +
(
q
m
E˜ + Ω
B˜
B0
v × zˆ
)
· ∇v (F0 + F1) = 0 (A16)
where to the required O() with 1/LFT = 1/LF − 1/LT ,
E˜ = −∇φ− 1
c
∂tA = −m
q
(
ik
qφ˜
m
yˆ +
ωΩ
k
B˜
B0
xˆ
)
, (A17)
− ik qφ˜
m
∂
∂vy
(F0 + F1) = ikϕ˜
[
vy +
v2y
ΩLFT
− v
2
t
2ΩLF
]
, ϕ˜ =
qφ˜
T
F0 , (A18)
− ωΩ
k
B˜
B0
∂
∂vx
(F0 + F1) =
2ωv¯xΩ
kvt
b˜+O(2), b˜ =
B˜
B0
F0 . (A19)
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Defining
ϕ˜ = ϕˆeiky−iωt , b˜ = bˆeiky−iωt , f˜ = fˆ eiky−iωt (A20)
and expanding fˆ = fˆ0 + fˆ1 + . . . , Eq. (A16) to first order in  may be written(
−iω
Ω
+
vx∂x
Ω
+
ikvy
Ω
− ∂
∂ξ
)(
fˆ0 + fˆ1
)
+
ikϕˆ
Ω
[
vy +
v2y
ΩLFT
− v
2
t
2ΩLF
]
+bˆv¯x
(
2ω
kvt
− vt
ΩLF
)
= 0 .
(A21)
To leading order this becomes(
ikvy
Ω
− ∂
∂ξ
)
fˆ0 +
ikvy
Ω
ϕˆ = 0 → fˆ0 = −ϕˆ+ ge−ikvx/Ω (A22)
where g is independent of ξ and remains to be determined. At first order(
−iω
Ω
+
vx∂x
Ω
)
fˆ0 +
(
ikvy
Ω
− ∂
∂ξ
)
fˆ1 +
ikϕˆ
Ω
[
v2y
ΩLFT
− v
2
t
2ΩLF
]
+ bˆv¯x
(
2ω
kvt
− vt
ΩLF
)
= 0 .
(A23)
Multiplying by eikvx/Ω, noting
eikvx/Ω
(
ikvy
Ω
− ∂
∂ξ
)
fˆ1 = − ∂
∂ξ
(
eikvx/Ωfˆ1
)
(A24)
and taking the gyro-angle average, we obtain∫ pi
−pi
dξ
2pi
eikvx/Ω
{
− iω
Ω
(−ϕˆ+ ge−ikvx/Ω)+ vx
Ω
∂x
(−ϕˆ+ ge−ikvx/Ω)+
ikϕˆ
Ω
[
v2y
ΩLFT
− v
2
t
2ΩLF
]
+ bˆv¯x
(
2ω
kvt
− vt
ΩLF
)}
= 0 .
(A25)
Collecting terms, taking the various derivatives noting the ∂xg term vanishes upon integration
and defining
ωb = ω − kv
2
⊥
2ΩLB
, ω¯ = ω − kv
2
t
2ΩLF
, (A26)
iωbg =
∫ pi
−pi
dξ
2pi
eikvx/Ω
{
ϕˆ
[
iω¯ − vx
LFT
+
ik
Ω
v2y
LFT
]
+ bˆω¯
2Ωv¯x
kvt
}
. (A27)
The two terms proportional to 1/LFT cancel noting the identity (integrating vy∂ξ exp(ikvx/Ω)
by parts) ∫ pi
−pi
dξ
2pi
eikvx/Ω
ikv2y
Ω
=
∫ pi
−pi
dξ
2pi
eikvx/Ωvx , (A28)
leaving
g =
∫ pi
−pi
dξ
2pi
eikvx/Ω
ω¯
ωb
(
ϕˆ− 2iΩv¯x
kvt
bˆ
)
. (A29)
Noting the identities with vx = v⊥ cos ξ,
J0(kv⊥/Ω) =
∫ pi
−pi
dξ
2pi
e±ikvx/Ω , iJ1(kv⊥/Ω) =
∫ pi
−pi
dξ
2pi
eikvx/Ω cos ξ (A30)
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with the small-agument expansions
J0(b) ' 1− b2/4 +O(b4) , J1(b) ' b/2− b3/16 +O(b5) , (A31)
one obtains
g =
ω¯
ωb
(
J0ϕˆ+
2Ωv¯⊥
kvt
J1bˆ
)
. (A32)
Expanding the exponents and Bessel functions for the electrons to the required order assuming
kρe  1 yields
f¯0i =
f˜0i
F0i
=
(
e−ikvx/ΩiJ0
ω¯i
ωbi
− 1
)
eφ˜
Ti0
+ e−ikvx/ΩiJ1
ω¯i
ωbi
2v¯⊥
kρi
B˜
B0
,
f¯0e =
f˜0e
F0e
= −
[(
1− ikvx
Ωe
)
ω¯e
ωbe
− 1
]
eφ˜
Te0
+
(
1− ikvx
Ωe
)
ω¯e
ωbe
v¯2⊥
B˜
B0
(A33)
where the terms proportional to vx in f¯0e will contribute only in Ampere’s law due to an
additional multiplicative factor of vx.
1. Ampere’s law
According to Ampere’s law, the perturbed magnetic field follows
B˜
B0
=
(∇× B˜)x
ikB0
=− 4pii
ckB0
∑
i,e
∫
d3vqvxf˜0
=− 4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
(
vtif¯0i − vtef¯0e
)
.
(A34)
Defining
f1α =
iΩα
kvx
(
e−ikvx/Ωα − 1 + ikvx
Ωα
)
→ e−ikvx/Ωα = 1− ikvx
Ωα
(1 + f1α) (A35)
where for electrons f1e = −ikvx/(2Ωe) + . . . may be neglected, substituting Eq. (A33) and
collecting real terms this may be written as
IBA
B˜
B0
= IφA
eφ˜
Ti0
(A36)
where
IBA = 1 +
∫
d3v¯
pi3/2
e−v¯
2
v¯2xv¯
2
⊥
[
βi
2J1
kρiv¯⊥
(1 + f1i)
ω¯i
ωbi
+ βe
ω¯e
ωbe
]
,
IφA = βi
∫
d3v¯
pi3/2
e−v¯
2
v¯2x
[
−J0(1 + f1i) ω¯i
ωbi
+
ω¯e
ωbe
]
.
(A37)
Transforming to plane-polar perpendicular velocity components with∫
d3v¯
pi3/2
=
1
pi3/2
∫ ∞
−∞
dv¯z
∫ ∞
−∞
dv¯y
∫ ∞
−∞
dv¯x = 2
∫ ∞
−∞
dv¯z√
pi
∫ ∞
0
dv¯⊥v¯⊥
∫ pi
−pi
dξ
2pi
, (A38)
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using the identity
v¯⊥
kρi
J1 (kρiv¯⊥) =
∫ pi
−pi
dξ
2pi
v¯2x (1 + f1i) , (A39)
carrying out the vz integrals with v¯
2 = v¯2z + v¯
2
⊥ and noting the generalized Gaussian integral∫ ∞
−∞
dx√
pi
e−x
2 (
1 + ax2 + bx4 + cx6
)
= 1 +
1
2
a+
3
4
b+
15
8
c ,∫ ∞
0
dx e−x
2 (
x+ ax3 + bx5 + cx7 + dx9
)
=
1
2
+
1
2
a+ b+ 3c+ 12d ,
(A40)
Eq. (A37) becomes
IBA = 1 + 2
∫ ∞
0
dv¯⊥v¯3⊥e
−v¯2⊥
(
J21
2βiω¯i
k2ρ2iωbi
+ v¯2⊥
βeω¯e
2ωbe
)
,
IφA = βi
∫ ∞
0
dv¯⊥v¯2⊥e
−v¯2⊥
(
−2J0J1 ω¯i
kρiωbi
+ v¯⊥
ω¯e
ωbe
)
.
(A41)
Note that the LF expression (A15) embedded in ω¯ is also modified after the vz integration:
1
LF
=
1
Ln
+
1
LT
(
v¯2⊥ − 1
)
. (A42)
Normalizing frequencies to vti/Ln and lengths to ρi (so for example ω = ωphysLn/vti and
k = kphysρi) the expressions for IBA, IφA become those given earlier in the text with the
simplified notation for the integration variable: v¯⊥ → v.
2. Quasineutrality condition ni = ne
The quasineutrality condition to the required order may be written as
1
n0
∫
d3v
(
f˜0i − f˜0e
)
=
∫
d3v¯
pi3/2
e−v¯
2 (
f¯0i − f¯0e
)
= 0 . (A43)
Therefore, ∫
d3v¯
pi3/2
e−v¯
2
[(
e−ikvx/ΩiJ0
ω¯i
ωbi
− 1
)
eφ˜
Ti0
+ e−ikvx/Ωi
ω¯i
ωbi
2J1
kρi
v¯⊥
B˜
B0
+
(
ω¯e
ωbe
− 1
)
eφ˜
Te0
− ω¯e
ωbe
v¯2⊥
B˜
B0
]
= 0 .
(A44)
Collecting terms this becomes
IφQ
eφ˜
Ti0
= IBQ
B˜
B0
(A45)
with
IφQ =
∫
d3v¯
pi3/2
e−v¯
2
[
e−ikvx/ΩiJ0
ω¯i
ωbi
− 1 +
(
ω¯e
ωbe
− 1
)
Ti0
Te0
]
,
IBQ =
∫
d3v¯
pi3/2
e−v¯
2
v¯2⊥
(
−e−ikvx/Ωi 2J1
kρiv¯⊥
ω¯i
ωbi
+
ω¯e
ωbe
)
.
(A46)
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Following the same steps as before one obtains
IφQ = 2
∫ ∞
0
dv¯⊥v¯⊥e−v¯
2
⊥
[
J20
ω¯i
ωbi
− 1 +
(
ω¯e
ωbe
− 1
)
Ti0
Te0
]
,
IBQ = 2
∫ ∞
0
dv¯⊥v¯2⊥e
−v¯2⊥
(
−2J0J1 ω¯i
kρiωbi
+ v¯⊥
ω¯e
ωbe
)
= 2IφA/βi
(A47)
with the aid of Eq. (A30), implying with Eq. (A36) the dispersion relation:
IφQIBA = IBQIφA = (2/βi) (IφA)
2 . (A48)
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Universal/Entropy/GDC supplement
Barrett N. Rogers, Ben Zhu, Manaure Francisquez
6127 Wilder Laboratory, Dartmouth College, Hanover, NH, 03755 USA
This supplement fills some gaps between the equations in the main manuscript. We begin by adding
clarification to the equations in section II, followed by the derivation of the dispersion relation in
appendix A. Then we treat the special cases discussed in sections IIIA, IIIB and IV. The equation
numbers used here are consistent with those used in the main manuscript.
EQUILIBRIUM PRESSURE BALANCE AND THE PROBLEM WITH GDC
From the equilibrium condition:
p+
1
8pi
B2 = const
p0(x) + p˜+
1
8pi
(
B0(x) + B˜
)2
= p0(x) +
1
8pi
B0(x)
2
p˜+
1
8pi
(
2B0(x)B˜ + B˜
2
)
= 0
p˜+
1
8pi
(
2B0(x)B˜ +
>
small
B˜2
)
= 0
We obtain the relationship between the pressure and magnetic field fluctuations:
p˜ = − 1
4pi
B0(x)B˜. (A49)
Since p′0 = −B0B′0/(4pi), the gradient scale lengths are related by:
B′0
B0
=
1
LB
= −8pip
′
0
2B20
= −8pip0
B20
p′0
2p0
= − β
2Lp
. (A50)
Using fluid velocities
vi = vE + vdi + vpol =
c
B
zˆ×∇φ+ c
enB
zˆ×∇pi + 1
Ωci
zˆ× dvE
dt
=
c
B
(
zˆ×∇φ+ 1
en
zˆ×∇pi − iω
Ωci
zˆ× zˆ×∇φ
)
=
c
B
(
zˆ×∇φ+ 1
en
zˆ×∇pi + iω
Ωci
∇φ
)
,
(A51)
ve = vE + vde =
c
B
(
zˆ×∇φ− 1
en
zˆ×∇pe
)
, (A52)
current continuity reads:
∇ · n (vi − ve) = in ωc
ΩciB0
∇2φ+∇ · c
eB
zˆ×∇p = 0, (A53)
26
Linearize the right side assuming k  d/dx for perturbations:
−icωk
2
B0
φ+
B
n0mi
[
∇ 1
B
· zˆ×∇p+ 1
B
∇ · zˆ×∇p
]
= 0
−icωk
2
B0
φ+
B
n0mi
[
∂xB
B2
∂yp− ∂yB
B2
∂xp+
1
B
(−∂x∂yp+ ∂y∂xp)
]
= 0
−icωk
2
B0
φ+
ikB
n0mi
(
B′0
B20
p˜− B˜
B20
p′0
)
= 0
−iωk2φ+ ik
cn0mi
(
B′0p˜− B˜p′0
)
= 0
iωk2φ+
ik
cn0mi
(
B˜p′0 −B′0p˜
)
= 0.
(A54)
Now using B˜ = −4pip˜/B0 from equation 1 and
p˙+
c
B
zˆ×∇φ ·∇p = 0
−iωp˜+ c
B
zˆ× ikφyˆ ·∇p = 0
−iωp˜− c
B
ikφp′0 = 0
−→ p˜ = −ckp
′
0
ωB0
φ (A55)
from the fluid pressure equation, equation 5 yields the dispersion relation:
iωk2 +
ik
cn0mi
(
4pi
B0
p′0 +B
′
0
)
ckp′0
ωB0
= 0
ω2 = − 1
cn0mi
(
4pi
B0
p′0 +B
′
0
)
cp′0
B0
ω2 = − 1
n0mi
(
4pi
B0
p′0 +B
′
0
)
B0β
8piLp
ω2 = − p0
n0miLp
(
4pi
B0
p′0 +B
′
0
)
B0β
8pip0
ω2 = −C
2
s
Lp
(
β
2Lp
+
1
LB
)
(A56)
APPENDIX A
Since
vx = v⊥ cos ξ, vy = v⊥ sin ξ, (A12)
the following operator can be written as:
v × zˆ ·∇v = vy ∂
∂vx
− vx ∂
∂vy
= v⊥ sin ξ
∂ξ
∂vx
∂
∂ξ
− v⊥ cos ξ ∂ξ
∂vy
∂
∂ξ
= −v⊥ sin ξ vy
v2x + v
2
y
∂
∂ξ
− v⊥ cos ξ vx
v2x + v
2
y
∂
∂ξ
= −v⊥ sin ξ v⊥ sin ξ
v2⊥
∂
∂ξ
− v⊥ cos ξ v⊥ cos ξ
v2⊥
∂
∂ξ
= − ∂
∂ξ
(A13)
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The lowest order equilibrium Maxwellian distribution function is
F0 =
n0
pi3/2v3t
e−v¯
2
=
n0
pi3/2v3t
e
− v2
v2t , (A14)
such that a spatial derivative of it gives:
∂iF0 =
(
1
pi3/2v3t
∂in0 +
n0
pi3/2
∂iv
−3
t −
n0
pi3/2v3t
∂i
v2
v2t
)
e−v¯
2
=
1
pi3/2
(
1
v3t
∂in0 − n03v−4t ∂ivt +
2v2
v3t
n0
v3t
∂ivt
)
e−v¯
2
=
n0
pi3/2v3t
(
∂in0
n0
− 3
vt
∂ivt +
2v¯2
vt
∂ivt
)
e−v¯
2
=
[
1
Ln
+
( m
2T
)1/2( 2
mT
)1/2
∂iT
(
v¯2 − 3
2
)]
F0
=
[
1
Ln
+
1
LT
(
v¯2 − 3
2
)]
F0 =
1
LF
F0
(A15)
The total magnetic field can be written as:
B = B0(x)
(
1 +
B˜
B0
)
zˆ =∇×A =∇×
(
A0 + A˜
)
B˜zˆ =∇× A˜ = −ikA˜xzˆ =⇒ A˜ = − B˜
ik
xˆ.
The fluctuating component of the fields are
E˜ = −∇φ− 1
c
∂tA = −m
q
ik
qφ
m
yˆ +
iω
c
A˜
= −m
q
(
ik
qφ
m
yˆ +
ωΩ
k
B˜
B0
xˆ
) (A17)
In the gyrokinetic equation one has the velocity-space convection term(
q
m
E˜ + Ω
B˜
B0
v × zˆ
)
·∇v (F0 + F1) =
(
−ik qφ
m
yˆ − ωΩ
k
B˜
B0
xˆ + Ω
B˜
B0
v × zˆ
)
·∇v (F0 + F1) .
The first term on the right side is
−ik qφ
m
yˆ ·∇v (F0 + F1) = −ik qφ
m
∂
∂vy
(
1 +
vy
ΩLF
)
F0
= −ik qφ
m
[
1
ΩLF
F0 +
vy
Ω
F0
∂
∂vy
1
LF
+
(
1 +
vy
ΩLF
)
∂F0
∂vy
]
= −ik qφ
m
[
1
ΩLF
+
vy
Ω
∂
∂vy
v¯2
LT
+
(
1 +
vy
ΩLF
)
∂
∂vy
(
−v
2
v2t
)]
F0
= −ik qφ
m
[
1
ΩLF
+
vy
Ω
2vy
v2tLT
+
(
1 +
vy
ΩLF
)(
−2vy
v2t
)]
F0
= −ik T
m
(
1
ΩLF
+
2
ΩLT
v2y
v2t
− 2vy
v2t
− 2v
2
y
ΩLFv2t
)
ϕ˜
= i
2kT
mv2t
(
vy +
v2y
ΩLF
− v
2
y
ΩLT
− v
2
t
2ΩLF
)
ϕ˜
= i
2kT
mv2t
[
vy +
(
1
LF
− 1
LT
)
v2y
Ω
− v
2
t
2ΩLF
]
ϕ˜
= ik
(
vy +
v2y
ΩLFT
− v
2
t
2ΩLF
)
ϕ˜,
(A18)
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while the second term is written as
−ωΩ
k
B˜
B0
xˆ ·∇v (F0 + F1) = −ωΩ
k
B˜
B0
∂
∂vx
(
1 +
vy
ΩLF
)
F0
= −ωΩ
k
B˜
B0
∂
∂vx
(
1 +
vy
ΩLF
)
F0
= −ωΩ
k
B˜
B0
(
1 +
vy
ΩLF
)
∂F0
∂vx
= −ωΩ
k
B˜
B0
(
1 +
vy
ΩLF
)
∂
∂vx
(
−v
2
v2t
)
F0
= −ωΩ
k
B˜
B0
(
1 +
vy
ΩLF
)(
−2vx
v2t
)
F0
=
ωΩ
k
B˜
B0
2v¯x
vt
F0 +
ω
k
B˜
B0
2
LF
v¯xv¯yF0
=
2ωΩ
kvt
v¯xb˜+
ω
k
B˜
B0
2
LF
v¯xv¯yF0.
(A19)
We also need
Ω
B˜
B0
v × zˆ ·∇vF1 = −Ω B˜
B0
∂
∂ξ
(
vy
ΩLF
F0
)
= − vx
LF
b˜ = − vt
LF
v¯xb˜
Now define
ϕ˜ = ϕˆeiky−iωt, b˜ = bˆeiky−iωt, f˜ = fˆ eiky−iωt, (A20)
and expanding fˆ = fˆ0 + fˆ1 + . . . we obtain the equation(
ikvy
Ω
− ∂
∂ξ
)
fˆ0 +
ikvy
Ω
ϕˆ = 0. (A22a)
The homogeneous solution obeys
∂
∂ξ
fˆ0,H =
ikv⊥
Ω
fˆ0,H sin ξ,
and thus this solution is:
fˆ0,H = ge
− ikv⊥
Ω
cos ξ = ge−
ikvx
Ω g 6= g(ξ),
while the inhomogeneous equation is
∂
∂ξ
fˆ0 − ikvy
Ω
fˆ0 =
ikvy
Ω
ϕˆ.
By inspection we see the solution is
fˆ0 = ge
− ikvx
Ω − ϕˆ (A22b)
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Now we gyro-average the equation:
∫ pi
−pi
dξ
2pi
e
ikvx
Ω
[
−iω
Ω
(
ge−
ikvx
Ω − ϕˆ
)
+
vx
Ω
∂x
(
ge−
ikvx
Ω − ϕˆ
)
+
ik
Ω
ϕˆ
(
v2y
ΩLFT
− v
2
t
2ΩLF
)
+ bˆv¯x
(
2ω
kvt
− vt
ΩLF
)]
= 0∫ pi
−pi
dξ
2pi
e
ikvx
Ω
{
−iω
Ω
(
ge−
ikvx
Ω − ϕˆ
)
+
vx
Ω
e−
ikvx
Ω
[
g∂x
(
−ikvx
Ω
)
+ ∂xg
]
− vx
Ω
∂xϕˆ
+
ik
Ω
ϕˆ
(
v2y
ΩLFT
− v
2
t
2ΩLF
)
+ bˆv¯x
(
2ω
kvt
− vt
ΩLF
)}
= 0∫ pi
−pi
dξ
2pi
e
ikvx
Ω
{
−iω
Ω
ge−
ikvx
Ω +
ik
Ω2
B′0
B0
gv2xe
− ikvx
Ω − vx
Ω
∂xϕˆ
+
[
ik
Ω
(
v2y
ΩLFT
− v
2
t
2ΩLF
)
+
iω
Ω
]
ϕˆ+ bˆv¯x
(
2ω
kvt
− vt
ΩLF
)}
= 0
ig
∫
dξ
2pi
(
−ω
Ω
+
kv2⊥
Ω2LB
sin2 ξ
)
=∫ pi
−pi
dξ
2pi
e
ikvx
Ω
{
vx
Ω
∂xϕˆ−
[
ik
Ω
(
v2y
ΩLFT
− v
2
t
2ΩLF
)
+
iω
Ω
]
ϕˆ− bˆv¯x
(
2ω
kvt
− vt
ΩLF
)}
− i
Ω
g
(
ω − kv
2
⊥
2ΩLB
)
=∫ pi
−pi
dξ
2pi
e
ikvx
Ω
{
vx
Ω
∂xϕˆ− i
Ω
[
kv2y
ΩLFT
+ ω − kv
2
t
2ΩLF
]
ϕˆ− bˆv¯x
(
2ω
kvt
− vt
ΩLF
)}
− i
Ω
ωbg =
∫ pi
−pi
dξ
2pi
e
ikvx
Ω
{
vx
Ω
∂xϕˆ− i
Ω
[
kv2y
ΩLFT
+ ω¯
]
ϕˆ− bˆv¯x
(
2ω
kvt
− vt
ΩLF
)}
(A25)
and ∂xϕˆ = ϕˆ/LFT , so
− i
Ω
ωbg =
∫ pi
−pi
dξ
2pi
e
ikvx
Ω
{[
vx
ΩLFT
− i
Ω
ω¯ − ikv
2
y
Ω2LFT
]
ϕˆ− bˆv¯x
(
2ω
kvt
− vt
ΩLF
)}
iωbg =
∫ pi
−pi
dξ
2pi
e
ikvx
Ω
{[
iω¯ − vx
LFT
+
ikv2y
ΩLFT
]
ϕˆ+ bˆv¯x
2Ω
kvt
(
ω − kv
2
t
2ΩLF
)}
iωbg =
∫ pi
−pi
dξ
2pi
e
ikvx
Ω
{[
iω¯ − vx
LFT
+
ikv2y
ΩLFT
]
ϕˆ+ bˆv¯x
2Ωω¯
kvt
}
(A27)
Use the identity
∫ pi
−pi
dξ
ikv2y
Ω
e
ikvx
Ω = −
∫ pi
−pi
dξvy
∂
∂ξ
e
ikvx
Ω = −
∫ pi
−pi
dξ
(
∂
∂ξ
vye
ikvx
Ω − e ikvxΩ ∂
∂ξ
vy
)
=
∫ pi
−pi
dξ
(
vxe
ikvx
Ω − ∂
∂ξ
vye
ikvx
Ω
)
=
∫ pi
−pi
dξvxe
ikvx
Ω
(A28)
one sees that the two terms proportional to L−1FT cancel, leaving
g =
∫ pi
−pi
dξ
2pi
e
ikvx
Ω
ω¯
ωb
(
ϕˆ− bˆv¯x2iΩ
kvt
)
(A29)
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The following small argument expansions are used for the electrons:
e−
ikvx
Ω J0
(
kv⊥
Ω
)
≈
(
1− ikvx
Ω
)[
1− 1
4
(
kv⊥
Ω
)2]
≈ 1− ikvx
Ω
e−
ikvx
Ω J1
(
kv⊥
Ω
)
≈
(
1− ikvx
Ω
)[
kv⊥
2Ω
− 1
16
(
kv⊥
Ω
)3]
≈
(
1− ikvx
Ω
)
kv⊥
2Ω
(A33)
Ampere’s law
B˜
B0
= − 4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
(
vtif¯0i − vtef¯0e
)
= − 4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
{
vti
[(
e
− ikvx
Ωci J0
ω¯i
ωbi
− 1
)
eφ˜
Ti0
+ e
− ikvx
Ωci J1
ω¯i
ωbi
2v¯⊥
kρi
B˜
B0
]
−vte
[
−
[(
1− ikvx
Ωce
)
ω¯e
ωbe
− 1
]
eφ˜
Te0
+
(
1− ikvx
Ωce
)
ω¯e
ωbe
v¯2⊥
B˜
B0
]} (A34)
Move terms proportional to B˜/B0 to the left side:
B˜
B0
{
1 +
4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
[
vtie
− ikvx
Ωci J1
ω¯i
ωbi
2v¯⊥
kρi
− vte
(
1− ikvx
Ωce
)
ω¯e
ωbe
v¯2⊥
]}
= − 4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
{
vti
(
e
− ikvx
Ωci J0
ω¯i
ωbi
− 1
)
+ vte
[(
1− ikvx
Ωce
)
ω¯e
ωbe
− 1
]
Ti0
Te0
}
eφ˜
Ti0
B˜
B0
{
1 +
4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯xv¯
2
⊥
[
vti
[
1− ikvx
Ωci
(1 + f1i)
]
ω¯i
ωbi
2J1
kρiv¯⊥
− vte
(
1− ikvx
Ωce
)
ω¯e
ωbe
]}
= − 4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
{
vti
[[
1− ikvx
Ωci
(1 + f1i)
]
J0
ω¯i
ωbi
− 1
]
+vte
[(
1− ikvx
Ωce
)
ω¯e
ωbe
− 1
]
Ti0
Te0
}
eφ˜
Ti0
Examine the left hand side only:
LHS
B0
B˜
= 1 +
1
pi3/2
∫
d3v¯e−v¯
2
v¯xv¯
2
⊥
{[
4piien0
ckB0
vti + v¯xβi (1 + f1i)
]
ω¯i
ωbi
2J1
kρiv¯⊥
−vte4piien0
ckB0
(
1− ikvx
Ωce
)
ω¯e
ωbe
}
= 1 +
1
pi3/2
∫
d3v¯e−v¯
2
v¯xv¯
2
⊥
{[
4piien0
ckB0
vti + v¯xβi (1 + f1i)
]
ω¯i
ωbi
2J1
kρiv¯⊥
+
(
βev¯x − vte4piien0
ckB0
)
ω¯e
ωbe
}
= 1 +
1
pi3/2
∫
d3v¯e−v¯
2
v¯2xv¯
2
⊥
[
βi (1 + f1i)
ω¯i
ωbi
2J1
kρiv¯⊥
+ βe
ω¯e
ωbe
]
IBA = 1 +
1
pi3/2
∫
d3v¯e−v¯
2
v¯2xv¯
2
⊥
[
βi (1 + f1i)
ω¯i
ωbi
2J1
kρiv¯⊥
+ βe
ω¯e
ωbe
]
(A37a)
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Now reorganize the right hand side:
RHS = − 4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
{
vti
[[
1− ikvx
Ωci
(1 + f1i)
]
J0
ω¯i
ωbi
− 1
]
+vte
[(
1− ikvx
Ωce
)
ω¯e
ωbe
− 1
]
Ti0
Te0
}
eφ˜
Ti0
= − 4piien0
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
{
−vti ikvx
Ωci
(1 + f1i) J0
ω¯i
ωbi
− vte
(
ikvx
Ωce
)
ω¯e
ωbe
Ti0
Te0
}
eφ˜
Ti0
= − 1
pi3/2
∫
d3v¯e−v¯
2
v¯2x
[
−4piien0
ckB0
v2ti
ik
Ωci
(1 + f1i) J0
ω¯i
ωbi
− 4piien0
ckB0
v2te
(
ik
Ωce
)
ω¯e
ωbe
Ti0
Te0
]
eφ˜
Ti0
= − 1
pi3/2
∫
d3v¯e−v¯
2
v¯2x
[
βi (1 + f1i) J0
ω¯i
ωbi
− βe ω¯e
ωbe
Ti0
Te0
]
eφ˜
Ti0
= − 1
pi3/2
βi
∫
d3v¯e−v¯
2
v¯2x
[
(1 + f1i) J0
ω¯i
ωbi
− ω¯e
ωbe
]
eφ˜
Ti0
IφA =
1
pi3/2
βi
∫
d3v¯e−v¯
2
v¯2x
[
− (1 + f1i) J0 ω¯i
ωbi
+
ω¯e
ωbe
]
(A37b)
For the transformation:
v⊥ =
√
v2x + v
2
y ξ = arctan
(
vy
vx
)
the Jacobian matrix is ∂v⊥∂vx ∂v⊥∂vy
∂ξ
∂vx
∂ξ
∂vy
 =
 vxv⊥ vyv⊥
− vy
v⊥
vx
v⊥
 = 1
v⊥
.
ikρiv¯x (1 + f1i) = 1− e−
ikvx
Ωci =
e
ikvx
Ωci − 1
e
ikvx
Ωci
e
ikvx
Ωci ikρiv¯x (1 + f1i) + 1 = e
ikvx
Ωci
v¯⊥
kρi
J1 (kρiv¯⊥) =
∫ pi
−pi
dξ
2pi
v¯2x (1 + f1i)
=
∫ pi
−pi
dξ
2pi
v¯2x
iΩci
kvx
(
e−ikvx/Ωci − 1)
=
i
kρi
∫ pi
−pi
dξ
2pi
v¯x
(
e−ikvx/Ωci − 1) = iv¯⊥
kρi
∫ pi
−pi
dξ
2pi
e−ikvx/Ωci cos ξ
iJ1 (kρiv¯⊥) = −
∫ pi
−pi
dξ
2pi
e−ikvx/Ωci cos ξ = −iJ1 (−kρiv¯⊥) = iJ1 (kρiv¯⊥)
(A39)
The IBA integral is
IBA = 1 +
1
pi3/2
∫
d3v¯e−v¯
2
v¯2xv¯
2
⊥
[
βi (1 + f1i)
ω¯i
ωbi
2J1
kρiv¯⊥
+ βe
ω¯e
ωbe
]
= 1 + 2
∫
dv¯z
pi1/2
∫
dv¯⊥e−v¯
2
v¯3⊥
∫
dξ
2pi
v¯2x
[
βi (1 + f1i)
ω¯i
ωbi
2J1
kρiv¯⊥
+ βe
ω¯e
ωbe
]
= 1 + 2
∫
dv¯⊥e−v¯
2
⊥ v¯3⊥
[
βi
ω¯i
ωbi
2J21
(kρi)
2 + v¯
2
⊥
βeω¯e
2ωbe
] (A41a)
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and the IφA integral becomes
IφA =
1
pi3/2
βi
∫
d3v¯e−v¯
2
v¯2x
[
− (1 + f1i) J0 ω¯i
ωbi
+
ω¯e
ωbe
]
= 2βi
∫
dv¯z
pi1/2
∫
dv¯⊥v¯⊥e−v¯
2
∫
dξ
2pi
v¯2x
[
− (1 + f1i) J0 ω¯i
ωbi
+
ω¯e
ωbe
]
= βi
∫
dv¯⊥v¯2⊥e
−v¯2⊥
[
−2J0J1 ω¯i
kρiωbi
+ v¯⊥
ω¯e
ωbe
] (A41b)
Quasineutrality condition
∫
d3v¯
pi3/2
e−v¯
2 (
f¯0i − f¯0e
)
= 0∫
d3v¯
pi3/2
e−v¯
2
[(
e
− ikvx
Ωci J0
ω¯i
ωbi
− 1
)
eφ˜
Ti0
+ e
− ikvx
Ωci J1
ω¯i
ωbi
2v¯⊥
kρi
B˜
B0
+
[(
1− ikvx
Ωce
)
ω¯e
ωbe
− 1
]
eφ˜
Te0
−
(
1− ikvx
Ωce
)
ω¯e
ωbe
v¯2⊥
B˜
B0
]
= 0
∫
d3v¯
pi3/2
e−v¯
2
[(
e
− ikvx
Ωci J0
ω¯i
ωbi
− 1
)
eφ˜
Ti0
+ e
− ikvx
Ωci J1
ω¯i
ωbi
2v¯⊥
kρi
B˜
B0
+
(
ω¯e
ωbe
− 1
)
eφ˜
Te0
− ω¯e
ωbe
v¯2⊥
B˜
B0
]
= 0 (A44)
Collecting the terms proportional to B˜/B0 on the right side, we obtain:∫
d3v¯
pi3/2
e−v¯
2
[(
e
− ikvx
Ωci J0
ω¯i
ωbi
− 1
)
+
(
ω¯e
ωbe
− 1
)
Ti0
Te0
]
eφ˜
Ti0
=
∫
d3v¯
pi3/2
e−v¯
2
(
ω¯e
ωbe
v¯2⊥ − e−
ikvx
Ωci J1
ω¯i
ωbi
2v¯⊥
kρi
)
B˜
B0
(A45)
The integral on the left side is:
IφQ =
∫
d3v¯
pi3/2
e−v¯
2
[(
e
− ikvx
Ωci J0
ω¯i
ωbi
− 1
)
+
(
ω¯e
ωbe
− 1
)
Ti0
Te0
]
= 2
∫
dv¯z
pi1/2
e−v¯
2
z
∫
dv¯⊥e−v¯
2
⊥ v¯⊥
∫
dξ
2pi
{
e
− ikvx
Ωci J0
ω¯i
ωbi
− 1 +
(
ω¯e
ωbe
− 1
)
Ti0
Te0
}
= 2
∫
dv¯⊥e−v¯
2
⊥ v¯⊥
[
J20
ω¯i
ωbi
− 1 +
(
ω¯e
ωbe
− 1
)
Ti0
Te0
] (A47a)
while the integral on the right side can be written as:
IBQ =
∫
d3v¯
pi3/2
e−v¯
2
(
ω¯e
ωbe
v¯2⊥ − e−
ikvx
Ωci J1
ω¯i
ωbi
2v¯⊥
kρi
)
= 2
∫
dv¯z
pi1/2
e−v¯
2
z
∫
dv¯⊥e−v¯
2
⊥ v¯⊥
∫
dξ
2pi
(
ω¯e
ωbe
v¯2⊥ − e−
ikvx
Ωci J1
ω¯i
ωbi
2v¯⊥
kρi
)
= 2
∫
dv¯⊥e−v¯
2
⊥ v¯2⊥
(
ω¯e
ωbe
v¯⊥ − J0J1 2ω¯i
kρiωbi
) (A47b)
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LOW β LIMIT WITH kρi  1
1
ωbi
=
1
ω − kLnv2
2LB
=
1
ω
[
1 +
k
2ω
Ln
LB
v2 +
k2
4ω2
(
Ln
LB
)2
v4 +
k3
8ω3
(
Ln
LB
)3
v6 + . . .
]
(20)
1
ωbe
=
1
ω − kLnv2⊥
2vtiΩceLB
=
1
ω + kLnτevtiv
2
2ΩciLB
=
1
ω + τek
2
Ln
LB
v2
=
1
ω
[
1− τek
2ω
Ln
LB
v2 +
τ 2e k
2
4ω2
(
Ln
LB
)2
v4 − τ
3
e k
3
8ω3
(
Ln
LB
)3
v6 + . . .
] (21)
ω¯i
ωbi
=
[
1− k
2ω
(1− ηi)− k
2ω
ηiv
2
][
1 +
k
2ω
Ln
LB
v2 +
k2
4ω2
(
Ln
LB
)2
v4
+
k3
8ω3
(
Ln
LB
)3
v6 +
k4
16ω4
(
Ln
LB
)4
v8 . . .
]
= 1− k
2ω
(1− ηi)− k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v2
− k
2
4ω2
Ln
LB
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v4 − k
3
8ω3
(
Ln
LB
)2{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v6
− k
4
16ω4
(
Ln
LB
)3{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v8
(22)
ω¯e
ωbe
=
[
1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
] [
1− τek
2ω
Ln
LB
v2 +
τ 2e k
2
4ω2
(
Ln
LB
)2
v4
−τ
3
e k
3
8ω3
(
Ln
LB
)3
v6 +
τ 4e k
4
16ω4
(
Ln
LB
)4
v8 + . . .
]
= 1 +
τek
2ω
(1− ηe) + τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
v2
− τ
2
e k
2
4ω2
Ln
LB
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
v4 +
τ 3e k
3
8ω3
(
Ln
LB
)2{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
v6
− τ
4
e k
4
16ω4
(
Ln
LB
)3{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
v8
(23)
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We now calculate the IφQ integral:
IφQ = 2
∫
dve−v
2
v
[
J20
ω¯i
ωbi
− 1 + τi
(
ω¯e
ωbe
− 1
)]
' 2
∫
dve−v
2
v
[(
1− k
2
4
v2 +
k4
64
v4
)2
ω¯i
ωbi
− 1 + τi
(
ω¯e
ωbe
− 1
)]
' 2
∫
dve−v
2
v
[(
1− k
2
2
v2 +
3k4
32
v4 − k
6
128
v6 +
k8
4096
v8
)
ω¯i
ωbi
− 1 + τi
(
ω¯e
ωbe
− 1
)]
' 2
∫
dve−v
2
v
[(
1− k
2
2
v2 +
3k4
32
v4 − k
6
128
v6 +
k8
4096
v8
)(
1− k
2ω
(1− ηi)
− k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v2 − k
2
4ω2
Ln
LB
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v4
− k
3
8ω3
(
Ln
LB
)2{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v6
− k
4
16ω4
(
Ln
LB
)3{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v8
)
− 1 + τi
(
ω¯e
ωbe
− 1
)]
IφQ ' 2
∫
dve−v
2
v
[
1− k
2ω
(1− ηi)−
(
k2
2
[
1− k
2ω
(1− ηi)
]
+
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
v2
+
(
3k4
32
[
1− k
2ω
(1− ηi)
]
+
(
k2
2
k
2ω
− k
2
4ω2
Ln
LB
){
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
v4
−
(
k6
128
[
1− k
2ω
(1− ηi)
]
+
[
3k4
32
k
2ω
− k
2
2
k2
4ω2
Ln
LB
+
k3
8ω3
(
Ln
LB
)2]{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
v6
+
(
k8
4096
[
1− k
2ω
(1− ηi)
]
+
[
k6
128
k
2ω
− 3k
4
32
k2
4ω2
Ln
LB
+
k2
2
k3
8ω3
(
Ln
LB
)2
− k
4
16ω4
(
Ln
LB
)3]
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
v8 − 1 + τi
(
ω¯e
ωbe
− 1
)]
' 1− k
2ω
(1− ηi)− k
2
2
[
1− k
2ω
(1− ηi)
]
− k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+ 2
(
3k4
32
[
1− k
2ω
(1− ηi)
]
+
(
k2
2
k
2ω
− k
2
4ω2
Ln
LB
){
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
− 6
(
k6
128
[
1− k
2ω
(1− ηi)
]
+
[
3k4
32
k
2ω
− k
2
2
k2
4ω2
Ln
LB
+
k3
8ω3
(
Ln
LB
)2]{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
+ 24
(
k8
4096
[
1− k
2ω
(1− ηi)
]
+
[
k6
128
k
2ω
− 3k
4
32
k2
4ω2
Ln
LB
+
k2
2
k3
8ω3
(
Ln
LB
)2
− k
4
16ω4
(
Ln
LB
)3]
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
− (1 + τi) + 2τi
∫
dve−v
2
v
ω¯e
ωbe
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IφQ ' − k
2ω
(1− ηi)− k
2
2
[
1− k
2ω
(1− ηi)
]
− k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+ 2
(
3k4
32
[
1− k
2ω
(1− ηi)
]
+
(
k2
2
k
2ω
− k
2
4ω2
Ln
LB
){
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
− 6
(
k6
128
[
1− k
2ω
(1− ηi)
]
+
[
3k4
32
k
2ω
− k
2
2
k2
4ω2
Ln
LB
+
k3
8ω3
(
Ln
LB
)2]{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
+ 24
(
k8
4096
[
1− k
2ω
(1− ηi)
]
+
[
k6
128
k
2ω
− 3k
4
32
k2
4ω2
Ln
LB
+
k2
2
k3
8ω3
(
Ln
LB
)2
− k
4
16ω4
(
Ln
LB
)3]
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
+
k
2ω
(1− ηe) +
k
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
− τek
2
2ω2
Ln
LB
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
+
3τ 2e k
3
4ω3
(
Ln
LB
)2{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
− 3τ
3
e k
4
2ω4
(
Ln
LB
)3{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
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To second order in β and fifth order in k this is
IφQ ' −k
2
2
[
1− k
2ω
(1− ηi)
]
− k
2ω
Ln
LB
k
2ω
(1− ηi) + 3k
4
16
[
1− k
2ω
(1− ηi)
]
+
(
k3
2ω
− k
2
2ω2
Ln
LB
){
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− 63k
4
32
k
2ω
(
ηi − Ln
LB
)
+ 6
k2
2
k2
4ω2
Ln
LB
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− 6 k
3
8ω3
(
Ln
LB
)2
ηi + 24
k2
2
k3
8ω3
(
Ln
LB
)2
ηi
− k
2ω
Ln
LB
τek
2ω
(1− ηe)− τek
2
2ω2
Ln
LB
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
+
3τ 2e k
3
4ω3
(
Ln
LB
)2
ηe
' −k
2
2
{
1− k
2ω
(1− ηi) + Ln
LB
1
2ω2
(1− ηi)− 3k
2
8
[
1− k
2ω
(1− ηi)
]
−
(
k
ω
− 1
ω2
Ln
LB
){
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+ 6
3k3
32ω
(
ηi − Ln
LB
)
−6 k
2
4ω2
Ln
LB
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+ 6
k
4ω3
(
Ln
LB
)2
ηi − 24 k
3
8ω3
(
Ln
LB
)2
ηi
+
Ln
LB
τe
2ω2
(1− ηe) + τe
ω2
Ln
LB
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
− 3τ
2
e k
2ω3
(
Ln
LB
)2
ηe
}
' −k
2
2
{
1− k
2ω
(1 + ηi)− 3k
2
8
[
1− k
2ω
(1− ηi)
]
+
9k3
16ω
ηi
+
Ln
LB
[
1
2ω2
(1− ηi) + k
ω
[
1− k
2ω
(1− ηi)
]
+
ηi
ω2
− 9k
3
16ω
− 3k
2
2ω2
ηi +
τe
2ω2
(1− ηe) + τe
ω2
ηe
]
+
1
ω2
(
Ln
LB
)2 [
−1 + k
2ω
(1− ηi) + 3k
2
2
[
1− k
2ω
(1− ηi)
]
+
3k
2ω
ηi − 6k
3
2ω
ηi
−τe
[
1 +
τek
2ω
(1− ηe)
]
− 3τ
2
e k
2ω
ηe
]}
' −k
2
2
{
1− k
2ω
(1 + ηi)− 3k
2
8
+
3k3
16ω
(1− ηi) + 9k
3
16ω
ηi
+
Ln
LB
[
1
2ω2
(1 + ηi) +
k
ω
[
1− k
2ω
(1 + 2ηi)
]
− 9k
3
16ω
+
τe
2ω2
(1 + ηe)
]
+
1
ω2
(
Ln
LB
)2 [
− (1 + τe) + k
2ω
(1 + 2ηi) +
3k2
2
− 3k
3
4ω
(1− ηi)− 6k
3
2ω
ηi − τ
2
e k
2ω
(1 + 2ηe)
]}
IφQ ' −k
2
2
{
1− k
2ω
(1 + ηi)− 3k
2
8
+
3k3
16ω
(1 + 2ηi)
+
Ln
LB
[
1
2ω2
(1 + ηi + τe + τeηe) +
k
ω
− k
2
2ω2
(1 + 2ηi)− 9k
3
16ω
]
+
1
ω2
(
Ln
LB
)2 [
− (1 + τe) + k
2ω
(
1 + 2ηi − τ 2e − 2τ 2e ηe
)
+
3k2
2
− 3k
3
4ω
(1 + 3ηi)
]} (24)
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In the following I will at first keep terms of up to order 1 in β:
IBA = 1 + 2
∫
dve−v
2
v3
(
J21
2βiω¯i
k2ωbi
+ v2
βeω¯e
2ωbe
)
= 1 + 2
∫
dve−v
2
v3
[(
k
2
v − k
3
16
v3 +
k5
384
v5
)2
2βiω¯i
k2ωbi
+ v2
βeω¯e
2ωbe
]
= 1 + 2
∫
dve−v
2
v3
[
2βi
k2
(
k2
4
v2 − k
4
16
v4 +
k6
256
v6 +
k6
768
v6
)(
1− k
2ω
(1− ηi)
− k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v2 − k
2
4ω2
Ln
LB
ηiv
4
)
+v2
βe
2
(
1 +
τek
2ω
(1− ηe) + τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
v2 − τ
2
e k
2
4ω2
Ln
LB
ηev
4
)]
= 1 + 2
∫
dve−v
2
v3
[
2βi
k2
(
k2
4
[
1− k
2ω
(1− ηi)
]
v2
−
(
k4
16
[
1− k
2ω
(1− ηi)
]
+
k2
4
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
v4
−
(
k2
4
k2
4ω2
Ln
LB
ηi − k
4
16
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− k
6
192
[
1− k
2ω
(1− ηi)
])
v6
)
+v2
βe
2
(
1 +
τek
2ω
(1− ηe) + τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
v2 − τ
2
e k
2
4ω2
Ln
LB
ηev
4
)]
= 1 + 2
∫
dve−v
2
v3
({
2βi
k2
k2
4
[
1− k
2ω
(1− ηi)
]
+
βe
2
[
1 +
τek
2ω
(1− ηe)
]}
v2
+
[
−2βi
k2
(
k4
16
[
1− k
2ω
(1− ηi)
]
+
k2
4
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
+
βe
2
τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}]
v4 −
[
2βi
k2
(
k2
4
k2
4ω2
Ln
LB
ηi
−k
4
16
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− k
6
192
[
1− k
2ω
(1− ηi)
])
+
βe
2
τ 2e k
2
4ω2
Ln
LB
ηe
]
v6
)
= 1 +
2βi
k2
k2
2
[
1− k
2ω
(1− ηi)
]
+ βe
[
1 +
τek
2ω
(1− ηe)
]
− 12βi
k2
(
k4
16
[
1− k
2ω
(1− ηi)
]
+
k2
4
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]})
+ 3βe
τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
− 242βi
k2
(
k2
4
k2
4ω2
Ln
LB
ηi
−k
4
16
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− k
6
192
[
1− k
2ω
(1− ηi)
])
− 3βe τ
2
e k
2
ω2
Ln
LB
ηe
= 1 +
2βi
k2
k2
2
[
1− k
2ω
(1− ηi)
]
+ βe
[
1 +
τek
2ω
(1− ηe)
]
− 12βi
k2
{
k4
16
[
1− k
2ω
(1− ηi)
]
+
k2
4
k
2ω
ηi
}
+ 3βe
τek
2ω
ηe + 24
2βi
k2
{
k4
16
k
2ω
ηi +
k6
192
[
1− k
2ω
(1− ηi)
]}
+ 3
Ln
LB
(
βi
k
2ω
[
1− k
2ω
(1− ηi)
]
−βe τek
2ω
[
1 +
τek
2ω
(1− ηe)
]
− 82βi
k2
{
k2
4
k2
4ω2
ηi +
k4
16
k
2ω
[
1− k
2ω
(1− ηi)
]}
− βe τ
2
e k
2
ω2
ηe
)
= 1 + βi
[
1− k
2ω
(1− ηi)
]
+ βe
[
1 +
τek
2ω
(1− ηe)
]
− 3βi
{
k2
4
[
1− k
2ω
(1− ηi)
]
+
k
2ω
ηi
}
+ 3βe
τek
2ω
ηe + 3βi
{
k2
k
2ω
ηi +
k4
12
[
1− k
2ω
(1− ηi)
]}
+ 3
Ln
LB
(
βi
k
2ω
[
1− k
2ω
(1− ηi)
]
−βe τek
2ω
[
1 +
τek
2ω
(1− ηe)
]
− βi
{
k2
ω2
ηi + k
2 k
2ω
[
1− k
2ω
(1− ηi)
]}
− βe τ
2
e k
2
ω2
ηe
)
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IBA = 1 + βi
(
1− k
2ω
(1− ηi) + τe
[
1 +
τek
2ω
(1− ηe)
]
− 3
{
k2
4
[
1− k
2ω
(1− ηi)
]
+
k
2ω
ηi
}
+ 3
τ 2e k
2ω
ηe
+3
{
k2
k
2ω
ηi +
k4
12
[
1− k
2ω
(1− ηi)
]}
+ 3
Ln
LB
{
k
2ω
[
1− k
2ω
(1− ηi)
]
− τ
2
e k
2ω
[
1 +
τek
2ω
(1− ηe)
]
−k
2
ω2
ηi − k2 k
2ω
[
1− k
2ω
(1− ηi)
]
− τ
3
e k
2
ω2
ηe
})
= 1 + βi
(
1 + τe +
k
2ω
[− (1− ηi) + τ 2e (1− ηe)− 3ηi + 3τ 2e ηe]− 3k24 + 3 k32ω
[
1
4
(1− ηi) + ηi
]
+3
k4
12
[
1− k
2ω
(1− ηi)
]
+ 3
Ln
LB
{
k
2ω
(
1− τ 2e
)− ( k
2ω
)2 [
(1− ηi) + τ 3e (1− ηe) + 4ηi + 4τ 3e ηe
]
−k2 k
2ω
[
1− k
2ω
(1− ηi)
]})
IBA = 1 + βi
(
1 + τe +
k
2ω
[− (1 + 2ηi) + τ 2e (1 + 2ηe)]− 3k24
{
1− k
2ω
(1 + 3ηi)
−k
2
3
[
1− k
2ω
(1− ηi)
]}
+ 3
Ln
LB
{
k
2ω
(
1− τ 2e
)− ( k
2ω
)2 [
(1 + 3ηi) + τ
3
e (1 + 3ηe)
]
−k2 k
2ω
[
1− k
2ω
(1− ηi)
]}) (25)
Now the IφA integral is:
1
βi
IφA =
∫
dve−v
2
v2
(
−2J0J1 ω¯i
kωbi
+ v
ω¯e
ωbe
)
=
∫
dve−v
2
v2
[
−2
(
1− k
2
4
v2 +
k4
64
v4 − k
6
2304
v6
)(
k
2
v − k
3
16
v3 +
k5
384
v5 − k
7
18432
v7
)
ω¯i
kωbi
+ v
ω¯e
ωbe
]
=
∫
dve−v
2
v2
[
−2
k
(
k
2
v − 3k
3
16
v3 +
5k5
192
v5 − 35k
7
18432
v7
)(
1− k
2ω
(1− ηi)
− k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
v2 − k
2
4ω2
Ln
LB
ηiv
4
)
+ v
(
1 +
τek
2ω
(1− ηe)
+
τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
v2 − τ
2
e k
2
4ω2
Ln
LB
ηev
4
)]
=
∫
dve−v
2
v3
[
−1 + k
2ω
(1− ηi) + 1 + τek
2ω
(1− ηe) +
(
3k2
8
[
1− k
2ω
(1− ηi)
]
+
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+
τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]})
v2
−
(
5k4
96
[
1− k
2ω
(1− ηi)
]
+
3k2
8
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− k
2
4ω2
Ln
LB
ηi +
τ 2e k
2
4ω2
Ln
LB
ηe
)
v4
+
(
35k6
9216
[
1− k
2ω
(1− ηi)
]
+
5k4
96
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− 3k
2
8
k2
4ω2
Ln
LB
ηi
)
v6
]
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2βi
IφA = −1 + k
2ω
(1− ηi) + 1 + τek
2ω
(1− ηe) + 3k
2
4
[
1− k
2ω
(1− ηi)
]
+ 2
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+ 2
τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
− 5k
4
16
[
1− k
2ω
(1− ηi)
]
− 33k
2
4
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+ 6
k2
4ω2
Ln
LB
ηi − 6τ
2
e k
2
4ω2
Ln
LB
ηe
+
35k6
384
[
1− k
2ω
(1− ηi)
]
+
5k4
4
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− 9k2 k
2
4ω2
Ln
LB
ηi
1
βi
IφA =
k
4ω
[1− ηi + τe (1− ηe)] + 3k
2
8
[
1− k
2ω
(1− ηi)
]
+
k
2ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+
τek
2ω
{
ηe − Ln
LB
[
1 +
τek
2ω
(1− ηe)
]}
− 5k
4
32
[
1− k
2ω
(1− ηi)
]
− 33k
2
4
k
4ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
+ 3
k2
4ω2
Ln
LB
ηi − 3τ
2
e k
2
4ω2
Ln
LB
ηe
+
35k6
768
[
1− k
2ω
(1− ηi)
]
+
5k4
4
k
4ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
− 9k
2
2
k2
4ω2
Ln
LB
ηi
=
k
4ω
[1 + ηi + τe (1 + ηe)] +
3k2
8
[
1− k
2ω
(1− ηi)− 3 k
2ω
ηi
]
+
Ln
LB
(
− k
2ω
{
1− k
2ω
(1− ηi) + τe
[
1 +
τek
2ω
(1− ηe)
]
− 3 k
2ω
ηi + 3τe
τek
2ω
ηe
})
− 5k
4
32
[
1− k
2ω
(1− ηi)
]
+ 3
3k2
4
k
4ω
Ln
LB
[
1− k
2ω
(1− ηi)
]
− 33k
2
4
k
4ω
Ln
LB
k
2ω
4ηi
+
35k6
768
[
1− k
2ω
(1− ηi)
]
+
5k4
4
k
4ω
{
ηi − Ln
LB
[
1− k
2ω
(1− ηi)
]}
1
βi
IφA =
k
4ω
[1 + ηi + τe (1 + ηe)] +
3k2
8
{
1− k
2ω
(1 + 2ηi) + 3
k
2ω
Ln
LB
[
1− k
2ω
(1 + 3ηi)
]}
+
Ln
LB
(
− k
2ω
{
1− k
2ω
(1 + 2ηi) + τe
[
1 +
τek
2ω
(1 + 2ηe)
]})
− 5k
4
32
{
1− k
2ω
(1 + 3ηi)− 7k
2
24
[
1− k
2ω
(1− ηi)
]
− 4 k
2ω
Ln
LB
[
1− k
2ω
(1− ηi)
]} (26)
40
We briefly examine what happens if the assumption 1/LB = 0 is used together with p
′
0 6= 0. The
product IφQIBA is:
IφQIBA = −k
2
2
{
1− k
2ω
(1 + ηi)− 3k
2
8
+
3k3
16ω
(1 + 2ηi)
+
Ln
LB
[
1
2ω2
(1 + ηi + τe + τeηe) +
k
ω
− k
2
2ω2
(1 + 2ηi)− 9k
3
16ω
]
+
1
ω2
(
Ln
LB
)2 [
− (1 + τe) + k
2ω
(
1 + 2ηi − τ 2e − 2τ 2e ηe
)
+
3k2
2
− 3k
3
4ω
(1 + 3ηi)
]}
[
1 + βi
(
1 + τe +
k
2ω
[− (1 + 2ηi) + τ 2e (1 + 2ηe)]− 3k24
{
1− k
2ω
(1 + 3ηi)
−k
2
3
[
1− k
2ω
(1− ηi)
]}
+ 3
Ln
LB
{
k
2ω
(
1− τ 2e
)− ( k
2ω
)2 [
(1 + 3ηi) + τ
3
e (1 + 3ηe)
]
−k2 k
2ω
[
1− k
2ω
(1− ηi)
]})]
keeping terms proportional to k2 only:
IφQIBA = −k
2
2
[
1 +
Ln
LB
1
2ω2
(1 + ηi + τe + τeηe)− 1
ω2
(
Ln
LB
)2
(1 + τe)
]
[1 + βi (1 + τe)]
= −k
2
2
{
1 + βi (1 + τe) +
Ln
LB
1
2ω2
(1 + ηi + τe + τeηe) [1 + βi (1 + τe)]
− 1
ω2
(
Ln
LB
)2
(1 + τe) [1 + βi (1 + τe)]
}
= − k
2
2ω2
{
[1 + βi (1 + τe)]ω
2 +
Ln
LB
α0
2
[1 + βi (1 + τe)]
−
(
Ln
LB
)2
(1 + τe) [1 + βi (1 + τe)]
}
or retaining only O (β2) terms:
IφQIBA = − k
2
2ω2
{
[1 + βi (1 + τe)]ω
2 +
Ln
LB
α0
2
[1 + βi (1 + τe)]−
(
Ln
LB
)2
(1 + τe)
}
(27a)
The right side of the dispersion relation has, to order 2 in k:
2
βi
I2φA = 2βi
(
k
4ω
[1 + ηi + τe (1 + ηe)] +
3k2
8
−Ln
LB
k
2ω
{
1− k
2ω
(1 + 2ηi) + τe
[
1 +
τek
2ω
(1 + 2ηe)
]})2
=
βik
2
2ω2
{
1
2
[1 + ηi + τe (1 + ηe)]− Ln
LB
(1 + τe)
}2
=
βik
2
2ω2
[
α20
4
− Ln
LB
α0 (1 + τe) +
(
Ln
LB
)2
(1 + τe)
2
]
and to O (β2) this is simply
2
βi
I2φA =
βik
2
2ω2
[
α20
4
− Ln
LB
α0 (1 + τe)
]
(27b)
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Such that the dispersion relation is
− k
2
2ω2
{
[1 + βi (1 + τe)]ω
2 +
Ln
LB
α0
2
[1 + βi (1 + τe)]
−
(
Ln
LB
)2
(1 + τe)
}
=
βik
2
2ω2
[
α20
4
− Ln
LB
α0 (1 + τe)
]
− [1 + βi (1 + τe)]ω2 − Ln
LB
α0
2
[1 + βi (1 + τe)]
+
(
Ln
LB
)2
(1 + τe) = βi
α20
4
− Ln
LB
βiα0 (1 + τe)
[1 + βi (1 + τe)]ω
2 = −Ln
LB
α0
2
[1 + βi (1 + τe)]
+
(
Ln
LB
)2
(1 + τe)− βiα
2
0
4
+
Ln
LB
βiα0 (1 + τe)
ω2 = [1− βi (1 + τe)]
[
−βiα
2
0
4
− Ln
LB
α0
2
[1− βi (1 + τe)] +
(
Ln
LB
)2
(1 + τe)
]
Noting that βi (1 + τe) = β and keeping only O (β2) terms this becomes
ω2 = −βiα
2
0
4
− Ln
LB
α0
2
[1− βi (1 + τe)] +
(
Ln
LB
)2
(1 + τe) + ββi
α20
4
+
Ln
LB
α0
2
β
= −βiα
2
0
4
− Ln
LB
α0
2
(1− β) +
(
Ln
LB
)2
(1 + τe) +
βα0
4
(
βiα0 + 2
Ln
LB
)
ω2 = −βiα
2
0
4
− Ln
LB
α0
2
+
(
Ln
LB
)2
(1 + τe) +
βα0
4
(
βiα0 + 4
Ln
LB
)
(28)
Here if one takes 1/LB = 0 one obtains, to lowest order, the GDC growth rate.
Let us step back from GDC and instead simplify the general dispersion relation by keeping only
O (β) terms, assuming ω ∝ k and using Ln/LB = −βiα0/2, where α0 = 1 + ηi + τe (1 + ηe), α1 = 1 + ηi,
α2 = 1 + 2ηi, α3 = 1 + 2ηi − τ 2e (1 + 2ηe), u = 2ω/k:
IφQ ' −k
2
2
{
1− k
2ω
(1 + ηi)− 3k
2
8
+
3k3
16ω
(1 + 2ηi)
+
Ln
LB
[
1
2ω2
(1 + ηi + τe + τeηe) +
k
ω
− k
2
2ω2
(1 + 2ηi)− 9k
3
16ω
]}
IφQ ' −k
2
2
{
1− 3k
2
8
− α1
u
− 3k
2α2
8u2
− βiα0
2
[
α0
2ω2
+
1
u
(
2− 9k
2
8
)
− 2α2
u2
]}
(29a)
IBA = 1 + βi
(
1 + τe +
k
2ω
[− (1 + 2ηi) + τ 2e (1 + 2ηe)]− 3k24
{
1− k
2ω
(1 + 3ηi)
−k
2
3
[
1− k
2ω
(1− ηi)
]}
+ 3
Ln
LB
{
k
2ω
(
1− τ 2e
)− ( k
2ω
)2 [
(1 + 3ηi) + τ
3
e (1 + 3ηe)
]
−k2 k
2ω
[
1− k
2ω
(1− ηi)
]})
= 1 + βi
{
1 + τe − α3
u
− 3k
2
4
[
1− α2 + ηi
u
− k
2
3
(
1− α1 + 2ηi
u
)]}
= 1 + βi
{
1 + τe − 3k
2
4
+
k4
4
− α3
u
+
3k2
4
[
α2 + ηi
u
− k
2
3
α1 + 2ηi
u
]}
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IBA = 1 + βi
(
1 + τe − k
2
4
(
3− k2)− 1
u
{
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})
(29b)
1
βi
IφA =
k
4ω
[1 + ηi + τe (1 + ηe)] +
3k2
8
{
1− k
2ω
(1 + 2ηi) + 3
k
2ω
Ln
LB
[
1− k
2ω
(1 + 3ηi)
]}
+
Ln
LB
(
− k
2ω
{
1− k
2ω
(1 + 2ηi) + τe
[
1 +
τek
2ω
(1 + 2ηe)
]})
− 5k
4
32
{
1− k
2ω
(1 + 3ηi)− 7k
2
24
[
1− k
2ω
(1− ηi)
]
− 4 k
2ω
Ln
LB
[
1− k
2ω
(1− ηi)
]}
=
α0
2u
+
3k2
8
(
1− α2
u
)
− 5k
4
32
{
1− k
2ω
(1 + 3ηi)− 7k
2
24
[
1− k
2ω
(1− ηi)
]}
=
α0
2u
+
3k2
8
(
1− α2
u
)
− 5k
4
32
{
1− α2 + ηi
u
− 7k
2
24
[
1− α1 − 2ηi
u
]}
1
βi
IφA =
3k2
8
− 5k
4
32
+
35k6
768
+
1
2u
{
α0 − 3k
2α2
4
+
5k4
384
[
24 (α2 + ηi)− 7k2 (α1 − 2ηi)
]}
(29c)
The dispersion relation is then:
IφQIBA = 2βi
(
1
βi
IφA
)2
LHS = −k
2
2
{
1− 3k
2
8
− α1
u
− 3k
2α2
8u2
− βiα0
2
[
α0
2ω2
+
1
u
(
2− 9k
2
8
)
− 2α2
u2
]}
[
1 + βi
(
1 + τe − k
2
4
(
3− k2)− 1
u
{
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})]
= −k
2
2
{
1− 3k
2
8
− α1
u
− 3k
2α2
8u2
− βiα0
2
[
2α0
k2u2
+
1
u
(
2− 9k
2
8
)
− 2α2
u2
]
+βi
(
1− 3k
2
8
)[
1 + τe − k
2
4
(
3− k2)]− βi
u
(
α1
[
1 + τe − k
2
4
(
3− k2)]
+
(
1− 3k
2
8
){
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})− βi
u2
(
3k2α2
8
[
1 + τe − k
2
4
(
3− k2)]
−α1
{
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})}
= −k
2
2
{
1− 3k
2
8
+ βi
(
1− 3k
2
8
)[
1 + τe − k
2
4
(
3− k2)]− 1
u
[
α1 + βi
(
α0
(
1− 9k
2
16
)
+α1
[
1 + τe − k
2
4
(
3− k2)]+ (1− 3k2
8
){
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})]
− 1
u2
[
3k2α2
8
+ βi
(
α20
k2
− α0α2 + 3k
2α2
8
[
1 + τe − k
2
4
(
3− k2)]
−α1
{
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})]}
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(
1
βi
IφA
)2
=
k2
4
(
3k
4
− 5k
3
16
+
35k5
384
+
1
u
{
α0
k
− 3kα2
4
+
5k3
384
[
24 (α2 + ηi)− 7k2 (α1 − 2ηi)
]})2
=
k2
4
((
3k
4
− 5k
3
16
+
35k5
384
)2
+
2
u
(
3k
4
− 5k
3
16
+
35k5
384
){
α0
k
− 3kα2
4
+
5k3
384
[24 (α2 + ηi)
−7k2 (α1 − 2ηi)
]}
+
1
u2
{
α0
k
− 3kα2
4
+
5k3
384
[
24 (α2 + ηi)− 7k2 (α1 − 2ηi)
]}2)
Then the dispersion relation reads:
1− 3k
2
8
+ βi
(
1− 3k
2
8
)[
1 + τe − k
2
4
(
3− k2)]− 1
u
[
α1 + βi
(
α0
(
1− 9k
2
16
)
+α1
[
1 + τe − k
2
4
(
3− k2)]+ (1− 3k2
8
){
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})]
− 1
u2
[
3k2α2
8
+ βi
(
α20
k2
− α0α2 + 3k
2α2
8
[
1 + τe − k
2
4
(
3− k2)]
−α1
{
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})]
+ βi
((
3k
4
− 5k
3
16
+
35k5
384
)2
+
2
u
(
3k
4
− 5k
3
16
+
35k5
384
){
α0
k
− 3kα2
4
+
5k3
384
[
24 (α2 + ηi)− 7k2 (α1 − 2ηi)
]}
+
1
u2
{
α0
k
− 3kα2
4
+
5k3
384
[
24 (α2 + ηi)− 7k2 (α1 − 2ηi)
]}2)
= 0
1− 3k
2
8
+ βi
{(
1− 3k
2
8
)[
1 + τe − k
2
4
(
3− k2)]+ k2
16
(
3− 5k
2
4
+
35k4
96
)2}
− 1
u
[
α1 + βi
(
α0
(
1− 9k
2
16
)
+α1
[
1 + τe − k
2
4
(
3− k2)]+ (1− 3k2
8
){
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})]
− 1
u2
[
3k2α2
8
+ βi
(
α20
k2
− α0α2 + 3k
2α2
8
[
1 + τe − k
2
4
(
3− k2)]
−α1
{
α3 − k
2
4
[
3 (α2 + ηi)− k2 (α1 + 2ηi)
]})]
+
βik
2u
(
3− 5k
2
4
+
35k4
96
){
α0
k
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4
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5k3
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[
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]}
+
βi
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α0
k
− 3kα2
4
+
5k3
384
[
24 (α2 + ηi)− 7k2 (α1 − 2ηi)
]}2
= 0
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0 = 1− 3k
2
8
+ βi
{(
1− 3k
2
8
)[
1 + τe − k
2
4
(
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16
(
3− 5k
2
4
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35k4
96
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(
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2
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4
(
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−k
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3− 5k
2
4
+
35k4
96
){
α0
k
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384
[
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+
(
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2
8
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[
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[
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8
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2α2
8
[
1 + τe − k
2
4
(
3− k2)]
−α1
{
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2
4
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4
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[
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Multiply across by u2
0 = u2
(
1− 3k
2
8
+ βi
{(
1− 3k
2
8
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1 + τe − k
2
4
(
3− k2)]+ k2
16
(
3− 5k
2
4
+
35k4
96
)2})
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α1 + βi
(
α0
(
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2
16
)
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[
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2
4
(
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−k
2
(
3− 5k
2
4
+
35k4
96
){
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k
− 3kα2
4
+
5k3
384
[
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(
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2
8
){
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[
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8
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k2
− α0α2 + 3k
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k
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4
+
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[
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To lowest order in k this is
0 = u2 [1 + βi (1 + τe)]− u
{
α1 + βi
[
α0 + α1 (1 + τe)− 3α0
2
+ α3
]}
− βi
(
α20
k2
− α0α2 − α1α3 − α
2
0
k2
+
3α0α2
2
)
0 = u2 [1 + βi (1 + τe)]− u
{
α1 + βi
[
−α0
2
+ α1 (1 + τe) + α3
]}
+ βi
(
α1α3 − α0α2
2
)
(32)
HIGH β LOW kρi LIMIT
1
ωbi
=
1
ω − k
2
Ln
LB
v2
= − 1
k
2
Ln
LB
v2
1
1− ωk
2
Ln
LB
v2
= − 1
di
1
1− ω
di
= − 1
di
(
1 +
ω
di
+
ω2
d2i
+
ω3
d3i
+ . . .
) (39)
1
ωbe
=
1
ω + τe
k
2
Ln
LB
v2
=
1
τe
k
2
Ln
LB
v2
1
1 + ω
τe
k
2
Ln
LB
v2
=
1
de
1
1 + ω
de
=
1
de
(
1− ω
de
+
ω2
d2e
− ω
3
d3e
+ . . .
) (40)
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In the high β limit the ω fractions are expanded as follows:
ω¯i
ωbi
= −ω
di
[
1− k
2ω
(1− ηi)− k
2ω
ηiv
2
](
1 +
ω
di
+
ω2
d2i
+
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d3i
+ . . .
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di
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2
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ω
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2
]
+
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[
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]} (41)
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=
ω
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1 +
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2ω
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+
ω2
d2e
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+ . . .
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τek
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]} (42)
In terms of β and u these are:
ω¯i
ωbi
= −LB
Ln
u
v2
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1− 1
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u
ηiv
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u
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Ln
)2
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=
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]
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[
ηi − 1
v2
(u− 1 + ηi)
]
+
(
LB
Ln
)3
u2
v4
[
ηi − 1
v2
(u− 1 + ηi)
]
ω¯e
ωbe
=
LB
Ln
1
τe
u
v2
{
1 +
τe
u
(1− ηe)− LB
Ln
ηe +
τe
u
ηev
2 − LB
Ln
u
v2
1
τe
[
1 +
τe
u
(1− ηe)− LB
Ln
ηe
]
+
(
LB
Ln
)2
1
τ 2e
u2
v4
[
1 +
τe
u
(1− ηe)
]}
=
LB
Ln
1
τe
[
τeηe +
1
v2
(u+ τe − τeηe)
]
−
(
LB
Ln
)2
1
τ 2e
u
v2
[
τeηe +
1
v2
(u+ τe − τeηe)
]
+
(
LB
Ln
)3
1
τ 3e
u2
v4
[
τeηe +
1
v2
(u+ τe − τeηe)
]
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IφQ = 2
∫
dve−v
2
v
[
J20
ω¯i
ωbi
− 1 + τi
(
ω¯e
ωbe
− 1
)]
= 2
∫
dve−v
2
v
[(
1− k
2
4
v2 +
k4
64
v4
)2
ω¯i
ωbi
− 1 + τi
(
ω¯e
ωbe
− 1
)]
= 2
∫
dve−v
2
v
(
−ω
di
(
1− k
2
2
v2 +
3k4
32
v4
){
1− k
2ω
(1− ηi)− k
2di
ηiv
2
− k
2ω
ηiv
2 +
ω
di
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
ω2
d2i
[
1− k
2ω
(1− ηi)
]}
− (1 + τi)
+τi
ω
de
{
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2 +
τek
2ω
ηev
2 − ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]})
= 2
∫
dve−v
2
v
[
−ω
di
(
ω2
d2i
[
1− k
2ω
(1− ηi)
]
+
ω
di
{
1− k
2ω
(1− ηi)− k
2di
ηiv
2
−k
2
2
ω
di
v2
[
1− k
2ω
(1− ηi)
]}
+ 1− k
2ω
(1− ηi)− k
2di
ηiv
2 − k
2
2
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
3k4
32
ω2
d2i
v4
[
1− k
2ω
(1− ηi)
]
− v2
{
k
2ω
ηi +
k2
2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
−3k
4
32
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]}
+ v4
{
3k4
32
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
k3
4ω
ηi
})
− (1 + τi) + τi ω
de
{
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]
− ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2 +
τek
2ω
ηev
2
}]
IφQ =
ωv2
di
{
k
2ω
ηi +
k2
2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
− 3k
4
32
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
−3k
4
32
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
− k
3
4ω
ηi
}
− (1 + τi) + τi
de
τek
2
ηev
2
+ 2
∫
dve−v
2
v
[
−ω
di
(
ω2
d2i
[
1− k
2ω
(1− ηi)
]
+
ω
di
{
1− k
2ω
(1− ηi)− k
2di
ηiv
2
−k
2
2
ω
di
v2
[
1− k
2ω
(1− ηi)
]}
+ 1− k
2ω
(1− ηi)− k
2di
ηiv
2 − k
2
2
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
3k4
32
ω2
d2i
v4
[
1− k
2ω
(1− ηi)
])
+ τi
ω
de
{
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]
− ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
}]
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To second order in k the integrated part reads:
IφQ =
ωv2
di
{
k
2ω
ηi +
k2
2
[
1− k
2ω
(1− ηi)
]
− k
3
4ω
ηi
}
− (1 + τi) + τi
de
τek
2
ηev
2
=
2
k
LB
Ln
{
k
2
ηi +
k2
2
[
ω − k
2
(1− ηi)
]
− k
3
4
ηi
}
− (1 + τi) + τi
τe
2
k
LB
Ln
τek
2
ηe
=
2
k
LB
Ln
(
k
2
ηi +
k2
2
ω − k
3
4
)
− (1 + τi) + τiLB
Ln
ηe
=
2
k
LB
Ln
(
k
2
ηi +
k3
4
u− k
3
4
)
− (1 + τi) + τiLB
Ln
ηe
=
2
k
LB
Ln
(
k
2
ηi +
k3
4
u− k
3
4
)
− (1 + τi) + τiLB
Ln
ηe
IφQ =
LB
Ln
k2
2
(u− 1)− (1 + τi) + LB
Ln
(ηi + τiηe)
(42)
Before moving on to the next integral, we note that to O (β−1) the integral IφQ including the non-
integrated part is:
IφQ =
LB
Ln
k2
2
(u− 1)− (1 + τi)
+ 2
∫
dve−v
2
v
{
−ω
di
(
1− k
2ω
(1− ηi)− k
2di
ηiv
2 − k
2ω
ηiv
2
)
+τi
ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2 − τek
2ω
ηev
2
]}
where the term proportional to (ηi + τiηe) has been anti-integrated and will be removed later. This part
of the integral comes from, to O (β−1), the multiplication of the lowest order term in the expansion of
J20 and ω¯i/ωbi and the lowest order terms in ω¯e/ωbe.
IφQ =
LB
Ln
k2
2
(u− 1)− (1 + τi) + 2
∫
dve−v
2
v
(
ω¯i
ωbi
+ τi
ω¯e
ωbe
)
=
LB
Ln
k2
2
(u− 1)− (1 + τi) +RφQ
where this residue is
RφQ = 2
∫
dve−v
2
v
(
ω − k
2
(1− ηi)− k2ηiv2
ω − k
2
Ln
LB
v2
+ τi
ω + τek
2
(1− ηe) + τek2 ηev2
ω + τe
k
2
Ln
LB
v2
)
= 2
∫
dve−v
2
v
(
−
k
2
ηiv
2
ω − k
2
Ln
LB
v2
+ τi
τek
2
ηev
2
ω + τe
k
2
Ln
LB
v2
+
ω − k
2
(1− ηi)
ω − k
2
Ln
LB
v2
+ τi
ω + τek
2
(1− ηe)
ω + τe
k
2
Ln
LB
v2
)
= 2
∫
dve−v
2
v
(
1
di
k
2
ηiv
2
1− ω
di
+
τi
de
τek
2
ηev
2
1 + ω
de
+
ω − k
2
(1− ηi)
ω − k
2
Ln
LB
v2
+ τi
ω + τek
2
(1− ηe)
ω + τe
k
2
Ln
LB
v2
)
= 2
∫
dve−v
2
v
(
1
di
k
2
ηiv
2 +
τi
de
τek
2
ηev
2 +
ω − k
2
(1− ηi)
ω − k
2
Ln
LB
v2
+ τi
ω + τek
2
(1− ηe)
ω + τe
k
2
Ln
LB
v2
)
=
1
di
k
2
ηiv
2 +
τi
de
τek
2
ηev
2 + 2
∫
dve−v
2
v
(
ω − k
2
(1− ηi)
ω − k
2
Ln
LB
v2
+ τi
ω + τek
2
(1− ηe)
ω + τe
k
2
Ln
LB
v2
)
=
LB
Ln
(ηi + τiηe) + 2
∫
dve−v
2
v
(
ω − k
2
(1− ηi)
ω − k
2
Ln
LB
v2
+ τi
ω + τek
2
(1− ηe)
ω + τe
k
2
Ln
LB
v2
)
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Here we consider the integral
2
∫ ∞
0
dve−v
2 v
c+ v2
=
∫ ∞
0
dze−z
1
c+ z
=
∫ z0
0
dz
1
c+ z
+
∫ ∞
z0
dze−z
1
c+ z
This second step considers a small z0 and uses the fact that in the limit z0 → 0 one has e−z0 → 1.
∫ ∞
0
dve−v
2 v
c+ v2
=
∫ z0
c
dx
1
x
+
∫ ∞
z0
dze−z
1
7
∝β−1 small
c + z
= ln (z0)− ln (c) + Γ (0, z0) ,
which in the limit z0 → 0 we can write as:
∫ ∞
0
dve−v
2 v
c+ v2
= ln (z0)− ln (c)− γEM − ln (z0) + . . .
= − ln (c)− γEM + . . . .
The the residue RφQ can be expressed as:
RφQ =
LB
Ln
(ηi + τiηe)− 1
div2
[
ω − k
2
(1− ηi)
] [
− ln
(
− ω
div2
)
− γEM
]
+
τi
dev2
[
ω +
τek
2
(1− ηe)
] [
− ln
(
ω
dev2
)
− γEM
]
.
In terms of u this is:
RφQ =
LB
Ln
(ηi + τiηe) +
LB
Ln
[u− (1− ηi)]
[
ln
(
−LB
Ln
u
)
+ γEM
]
− τi
τe
LB
Ln
[u+ τe (1− ηe)]
[
ln
(
τi
LB
Ln
u
)
+ γEM
]
.
In terms of βi this is
RφQ = − 2
βiα0
{
(ηi + τiηe) + [u− (1− ηi)]
[
ln
(
2
βiα0
u
)
+ γEM
]
−τ 2i [u+ τe (1− ηe)]
[
ln
(
− 2τi
βiα0
u
)
+ γEM
]}
.
(45)
Thought the term proportional to (ηi + τiηe) is kept in some of the subsequent calculations in this
supplement, it will later be dropped because it shares the same origin as the rest of RφQ, and keeping
this residue results in a transcendental equation.
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Next, we compute the IBA integral.
IBA = 1 + 2
∫
dve−v
2
v3
(
J21
2βiω¯i
k2ωbi
+ v2
βeω¯e
2ωbe
)
= 1 + 2
∫
dve−v
2
v3
[(
k
2
v − k
3
16
v3 +
k5
384
v5
)2
2βiω¯i
k2ωbi
+ v2
βeω¯e
2ωbe
]
= 1 + 2
∫
dve−v
2
v3
[(
k2
4
v2 − k
4
16
v4
)
2βiω¯i
k2ωbi
+ v2
βeω¯e
2ωbe
]
= 1 + βi
∫
dve−v
2
v5
(
−ω
di
(
1− k
2
4
v2
){
1− k
2ω
(1− ηi)− k
2di
ηiv
2 − k
2ω
ηiv
2
+
ω
di
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
ω2
d2i
[
1− k
2ω
(1− ηi)
]}
+ τe
ω
de
{
1 +
τek
2ω
(1− ηe)
−τek
2de
ηev
2 +
τek
2ω
ηev
2 − ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]})
= 1 + βi
∫
dve−v
2
v5
(
−ω
di
(
ω2
d2i
[
1− k
2ω
(1− ηi)
]
+
ω
di
{
1− k
2ω
(1− ηi)− k
2di
ηiv
2
−k
2
4
ω
di
v2
[
1− k
2ω
(1− ηi)
]}
+ 1− k
2ω
(1− ηi)− k
2di
ηiv
2 − k
2
4
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
−v2
{
k
2ω
ηi +
k2
4
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]}
+
k3
8ω
ηiv
4
)
+ τe
ω
de
{
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
+
τek
2ω
ηev
2 − ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]})
= 1− βi
2
ω
di
v2
(
ω
di
v2
{
1− k
2ω
(1− ηi)− k
2di
ηiv
2 − k
2
4
ω
di
v2
[
1− k
2ω
(1− ηi)
]}
+ 1− k
2ω
(1− ηi)
− k
2di
ηiv
2 − k
2
4
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
− 2
{
k
2ω
ηi +
k2
4
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]}
+
3k3
4ω
ηi
)
− βi
2
τe
ω
de
v2
{
ω
de
v2
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
− 1− τek
2ω
(1− ηe) + τek
2de
ηev
2 − 2τek
2ω
ηe
}
+ βi
∫
dve−v
2
v5
(
−ω
3
d3i
[
1− k
2ω
(1− ηi)
]
+ τe
ω3
d3e
[
1 +
τek
2ω
(1− ηe)
])
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Keeping only terms up to order 2 in LB/Ln:
IBA = 1− βi
2
ω
di
v2
(
ω
di
v2
{
1− k
2ω
(1− ηi)
}
+ 1− k
2ω
(1− ηi)
− k
2di
ηiv
2 − k
2
4
ω
di
v2
[
1− k
2ω
(1− ηi)
]
− 2
{
k
2ω
ηi +
k2
4
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]}
+
3k3
4ω
ηi
)
− βi
2
τe
ω
de
v2
{
ω
de
v2
[
1 +
τek
2ω
(1− ηe)
]
− 1− τek
2ω
(1− ηe) + τek
2de
ηev
2 − 2τek
2ω
ηe
}
+ βi
∫
dve−v
2
v5
(
−ω
3
d3i
[
1− k
2ω
(1− ηi)
]
+ τe
ω3
d3e
[
1 +
τek
2ω
(1− ηe)
])
= 1− βi
2
LB
Ln
u
(
LB
Ln
u
{
1− 1
u
(1− ηi)
}
+ 1− 1
u
(1− ηi)
−LB
Ln
ηi − k
2
4
LB
Ln
u
[
1− 1
u
(1− ηi)
]
− 2
{
1
u
ηi +
k2
4
[
1− 1
u
(1− ηi)− LB
Ln
ηi
]}
+
3k2
2u
ηi
)
− βi
2
LB
Ln
u
{
1
τe
LB
Ln
u
[
1 +
τe
u
(1− ηe)
]
− 1− τe
u
(1− ηe) + LB
Ln
ηe − 2τe
u
ηe
}
+ βi
∫
dve−v
2
v5
(
−ω
3
d3i
[
1− k
2ω
(1− ηi)
]
+ τe
ω3
d3e
[
1 +
τek
2ω
(1− ηe)
])
= 1 +
βi
2
LB
Ln
[
−u+ 1− ηi + 2ηi + k
2
2
(u− 1 + ηi)− 3k
2
2
ηi + u+ τe − τeηe + 2τeηe
]
− βi
2
(
LB
Ln
)2
u
[
u− 1 + ηi − ηi − k
2
4
(u− 1 + ηi) + k
2
2
ηi + τiu+ 1− ηe + ηe
]
+ βi
∫
dve−v
2
v5
(
−ω
3
d3i
[
1− k
2ω
(1− ηi)
]
+ τe
ω3
d3e
[
1 +
τek
2ω
(1− ηe)
])
= 1 +
βi
2
LB
Ln
{
1 + ηi + τe + τeηe +
k2
2
[u− (1 + 2ηi)]
}
− βi
2
(
LB
Ln
)2
u
{
(1 + τi)u− k
2
4
[u− (1 + ηi)]
}
+ βi
∫
dve−v
2
v5
(
−ω
3
d3i
[
1− k
2ω
(1− ηi)
]
+ τe
ω3
d3e
[
1 +
τek
2ω
(1− ηe)
])
(43)
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One more integral!
1
βi
IφA =
∫
dve−v
2
v2
(
−2J0J1 ω¯i
kωbi
+ v
ω¯e
ωbe
)
=
∫
dve−v
2
v2
[
−2
(
1− k
2
4
v2 +
k4
64
v4
)(
k
2
v − k
3
16
v3 +
k5
384
v5
)
ω¯i
kωbi
+ v
ω¯e
ωbe
]
=
∫
dve−v
2
v3
[
−
(
1− k
2
4
v2 +
k4
64
v4
)(
1− k
2
8
v2 +
k4
192
v4
)
ω¯i
ωbi
+
ω¯e
ωbe
]
=
∫
dve−v
2
v3
[
−
(
1− 3k
2
8
v2 +
5k4
96
v4
)
ω¯i
ωbi
+
ω¯e
ωbe
]
=
∫
dve−v
2
v3
[
ω
di
(
1− 3k
2
8
v2 +
5k4
96
v4
){
1− k
2ω
(1− ηi)− k
2di
ηiv
2 − k
2ω
ηiv
2
+
ω
di
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
ω2
d2i
[
1− k
2ω
(1− ηi)
]}
+
ω
de
{
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
+
τek
2ω
ηev
2 − ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]}]
=
∫
dve−v
2
v3
[
ω
di
(
ω2
d2i
[
1− k
2ω
(1− ηi)
]
+
ω
di
{
1− k
2ω
(1− ηi)− k
2di
ηiv
2
−3k
2
8
ω
di
v2
[
1− k
2ω
(1− ηi)
]}
+ 1− k
2ω
(1− ηi)− k
2di
ηiv
2 − 3k
2
8
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
5k4
96
ω2
d2i
v4
[
1− k
2ω
(1− ηi)
]
− v2
{
k
2ω
ηi +
3k2
8
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
−5k
4
96
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]}
+ v4
{
3k3
16ω
ηi +
5k4
96
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]}
− 5k
5
192ω
ηiv
6
)
+
ω
de
{
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2 +
τek
2ω
ηev
2 − ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]}]
=
1
2
ω
di
v2
{
1− k
2ω
(1− ηi)− k
2di
ηiv
2 − 3k
2
8
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
5k4
96
ω2
d2i
v4
[
1− k
2ω
(1− ηi)
]
− k
2ω
ηi − 3k
2
8
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
5k4
96
ω
di
v2
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
+
3k3
8ω
ηi +
5k4
48
[
1− k
2ω
(1− ηi)− k
2di
ηiv
2
]
− 5k
5
32ω
ηi
}
+
1
2
ω
de
v2
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2 +
τek
2ω
ηe
]
+
∫
dve−v
2
v3
[
ω
di
(
ω2
d2i
[
1− k
2ω
(1− ηi)
]
+
ω
di
{
1− k
2ω
(1− ηi)− k
2di
ηiv
2
−3k
2
8
ω
di
v2
[
1− k
2ω
(1− ηi)
]})
+
ω
de
{
− ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]}]
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1βi
IφA =
1
2
LB
Ln
u
{
1− 1
u
(1− ηi)− LB
Ln
ηi − 3k
2
8
LB
Ln
u
[
1− 1
u
(1− ηi)− LB
Ln
ηi
]
+
5k4
96
(
LB
Ln
)2
u2
[
1− 1
u
(1− ηi)
]
− 1
u
ηi − 3k
2
8
[
1− 1
u
(1− ηi)− LB
Ln
ηi
]
+
5k4
96
LB
Ln
u
[
1− 1
u
(1− ηi)− LB
Ln
ηi
]
+
3k2
4u
ηi +
5k4
48
[
1− 1
u
(1− ηi)− LB
Ln
ηi
]
− 5k
4
16u
ηi
}
+
1
2
1
τe
LB
Ln
u
[
1 +
τe
u
(1− ηe)− LB
Ln
ηe +
τe
u
ηe
]
+
∫
dve−v
2
v3
[
ω
di
(
ω2
d2i
[
1− k
2ω
(1− ηi)
]
+
ω
di
{
1− k
2ω
(1− ηi)− k
2di
ηiv
2
−3k
2
8
ω
di
v2
[
1− k
2ω
(1− ηi)
]})
+
ω
de
{
− ω
de
[
1 +
τek
2ω
(1− ηe)− τek
2de
ηev
2
]
+
ω2
d2e
[
1 +
τek
2ω
(1− ηe)
]}]
Keeping only terms of lowest order in β:
IφA =
βi
2
LB
Ln
u
{
1− 1
u
(1− ηi)− 1
u
ηi − 3k
2
8
[
1− 1
u
(1− ηi)
]
+
3k2
4u
ηi +
5k4
48
[
1− 1
u
(1− ηi)
]
− 5k
4
16u
ηi +
1
τe
[
1 +
τe
u
(1− ηe) + τe
u
ηe
]}
=
βi
2
LB
Ln
{
u− (1− ηi)− ηi − 3k
2
8
[u− (1− ηi)] + 3k
2
4
ηi +
5k4
48
[u− (1− ηi)]
−5k
4
16
ηi +
1
τe
[u+ τe (1− ηe) + τeηe]
}
=
βi
2
LB
Ln
{
u− 1− 3k
2
8
[u− (1 + ηi)] + 5k
4
48
[u− (1 + 2ηi)] + 1
τe
u+ 1
}
=
βi
2
LB
Ln
{
(1 + τi)u− 3k
2
8
[u− (1 + ηi)] + 5k
4
48
[u− (1 + 2ηi)]
}
(44)
53
In this case the dispersion relation is:
IφQIBA = 2βi
(
1
βi
IφA
)2
LHS =
{
LB
Ln
[
k2
2
(u− 1) + (ηi + τiηe)
]
− (1 + τi)
}(
1 +
βi
2
LB
Ln
{
1 + ηi + τe + τeηe +
k2
2
[u− (1 + 2ηi)]
}
−βi
2
(
LB
Ln
)2
u
{
(1 + τi)u− k
2
4
[u− (1 + ηi)]
})
= − (1 + τi) + LB
Ln
[
k2
2
(u− 1) + (ηi + τiηe)− βi
2
(1 + τi)
{
1 + ηi + τe + τeηe +
k2
2
[u− (1 + 2ηi)]
}
+
βi
2
LB
Ln
([
k2
2
(u− 1) + (ηi + τiηe)
]{
1 + ηi + τe + τeηe +
k2
2
[u− (1 + 2ηi)]
}
+u (1 + τi)
{
(1 + τi)u− k
2
4
[u− (1 + ηi)]
})]
=
βi
2
(
LB
Ln
)2 [
k4
4
+ (1 + τi)
2 − k
2
4
(1 + τi)
]
u2
+
LB
Ln
k2
2
{
1− βi
2
(1 + τi) +
βi
2
LB
Ln
[
1 + ηi + τe + τeηe − k
2
2
(1 + 2ηi)− k
2
2
+ (ηi + τiηe)
+
1
2
(1 + τi) (1 + ηi)
]}
u+
LB
Ln
{
−k
2
2
+ (ηi + τiηe)− βi
2
(1 + τi)
[
1 + ηi + τe + τeηe − k
2
2
(1 + 2ηi)
]
+
βi
2
LB
Ln
[
−k
2
2
+ (ηi + τiηe)
] [
1 + ηi + τe + τeηe − k
2
2
(1 + 2ηi)
]}
− (1 + τi)
while the right side is
RHS = 2βi
1
β2i
β2i
4
(
LB
Ln
)2{
(1 + τi)u− 3k
2
8
[u− (1 + ηi)] + 5k
4
48
[u− (1 + 2ηi)]
}2
=
βi
2
(
LB
Ln
)2{
(1 + τi)
2 u2 − 3k
2
4
u (1 + τi) [u− (1 + ηi)] + 9k
4
64
[u− (1 + ηi)]2
+
5k4
24
u (1 + τi) [u− (1 + 2ηi)]− 5k
4
24
3k2
8
[u− (1 + ηi)] [u− (1 + 2ηi)] + 25k
8
2304
[u− (1 + 2ηi)]2
}
keeping only order 2 in k terms, the dispersion relation is
βi
2
(
LB
Ln
)2 [
k4
4
+ (1 + τi)
2 − k
2
4
(1 + τi)
]
u2
+
LB
Ln
k2
2
{
1− βi
2
(1 + τi) +
βi
2
LB
Ln
[
1 + ηi + τe + τeηe − k
2
2
(1 + 2ηi)− k
2
2
+ (ηi + τiηe)
+
1
2
(1 + τi) (1 + ηi)
]}
u− (1 + τi) + LB
Ln
{
−k
2
2
+ (ηi + τiηe)− βi
2
(1 + τi) [1 + ηi + τe + τeηe
−k
2
2
(1 + 2ηi)
]
+
βi
2
LB
Ln
[
−k
2
2
+ (ηi + τiηe)
] [
1 + ηi + τe + τeηe − k
2
2
(1 + 2ηi)
]}
=
βi
2
(
LB
Ln
)2{
(1 + τi)
2 u2 − 3k
2
4
u (1 + τi) [u− (1 + ηi)] + 9k
4
64
[u− (1 + ηi)]2
+
5k4
24
u (1 + τi) [u− (1 + 2ηi)]− 5k
4
24
3k2
8
[u− (1 + ηi)] [u− (1 + 2ηi)] + 25k
8
2304
[u− (1 + 2ηi)]2
}
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canceling some terms, dropping k6 and higher, and using α notation:
− βi
2
(
LB
Ln
)2
k2
4
τiu
2 +
LB
Ln
k2
2
{
1− βi
2
τ˜i +
βi
2
LB
Ln
[
α0 − k
2
2
α2 − k
2
2
+ (ηi + τiηe) +
1
2
τ˜iα1
]}
u
− τ˜i + LB
Ln
{
−k
2
2
+ (ηi + τiηe)− βi
2
τ˜i
[
α0 − k
2
2
α2
]
+
βi
2
LB
Ln
[
−k
2
2
+ (ηi + τiηe)
] [
α0 − k
2
2
α2
]}
=
βi
2
(
LB
Ln
)2{
−3k
2
4
uτ˜i (u− α1) + 9k
4
64
(u− α1)2 + 5k
4
24
uτ˜i (u− α2)
}
0 =
βi
2
(
LB
Ln
)2 [
k2
4
τi − 3k
2
4
τ˜i +
9k4
64
+
5k4
24
τ˜i
]
u2 − LB
Ln
k2
2
{
1− βi
2
τ˜i
+
βi
2
LB
Ln
[
α0 − k
2
2
α2 − k
2
2
+ (ηi + τiηe)− 3
2
τ˜iα1 +
9k2
16
α1 +
5k2
12
τ˜iα2 +
1
2
τ˜iα1
]}
u
+ τ˜i +
LB
Ln
(
k2
2
− (ηi + τiηe) + βi
2
τ˜i
[
α0 − k
2
2
α2
]
− βi
2
LB
Ln
{
−k
2
2
[α0 + α2 (ηi + τiηe)]
+α0 (ηi + τiηe) +
k4
4
α2 − 9k
4
64
α21
})
At this point we employ the useful relation
1
Lp
=
1
p
dp
dx
=
1
p
(
dpe
dx
+
dpi
dx
)
=
1
p
(
n
dTe
dx
+ Te
dn
dx
+ n
dTi
dx
+ Ti
dn
dx
)
=
nTi
p
(
τeL
−1
Te + τeL
−1
n + L
−1
T i + L
−1
n
)
=
pi
pLn
(τeηe + τe + ηi + 1) =
pi
pLn
α0
such that using the equilibrium relation 1/LB = −β/(2Lp) we can write
LB
Ln
= − 2Lp
βLn
= − 2
βLn
pLn
piα0
= − 2
βiα0
We can therefore write the dispersion relation as:
0 =
βi
2
4
β2i α
2
0
[
k2
4
τi − 3k
2
4
τ˜i +
9k4
64
+
5k4
24
τ˜i
]
u2 +
2
βiα0
k2
2
{
1− βi
2
τ˜i
−βi
2
2
βiα0
[
α0 − k
2
2
α2 − k
2
2
+ (ηi + τiηe)− 3
2
τ˜iα1 +
9k2
16
α1 +
5k2
12
τ˜iα2 +
1
2
τ˜iα1
]}
u
+ τ˜i − 2
βiα0
(
k2
2
− (ηi + τiηe) + βi
2
τ˜i
[
α0 − k
2
2
α2
]
+
βi
2
2
βiα0
{
−k
2
2
[α0 + α2 (ηi + τiηe)]
+α0 (ηi + τiηe) +
k4
4
α2 − 9k
4
64
α21
})
or multiplying by βiα
2
0 and keeping order 2 in k terms only:
2
βiα20
(
k2
4
τi − 3k
2
4
τ˜i
)
u2 +
2
βiα0
k2
2
{
1− βi
2
τ˜i − 1
α0
[
α0 − k
2
2
α2 − k
2
2
+ (ηi + τiηe)− τ˜iα1
]}
u
+ τ˜i − 2
βiα0
(
k2
2
− (ηi + τiηe) + βi
2
τ˜i
[
α0 − k
2
2
α2
]
+
1
α0
{
−k
2
2
[α0 + α2 (ηi + τiηe)] + α0 (ηi + τiηe)
})
= 0
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− 2k
2
2
τ˜iu
2 + 2α0
k2
2
{
1− βi
2
τ˜i − 1
α0
[
α0 − k
2
2
α2 − k
2
2
+ (ηi + τiηe)− τ˜iα1
]}
u
+ βiα
2
0τ˜i − 2α0
(
k2
2
− (ηi + τiηe) + βi
2
τ˜i
[
α0 − k
2
2
α2
]
+
1
α0
{
−k
2
2
[α0 + α2 (ηi + τiηe)] + α0 (ηi + τiηe)
})
= 0
Drop the (ηi + τiηe) terms since they belong to RφQ (see discussion above):
− 2k
2
2
τ˜iu
2 + 2α0
k2
2
{
1− βi
2
τ˜i − 1
α0
[
α0 − k
2
2
α2 − k
2
2
− τ˜iα1
]}
u
+ βiα
2
0τ˜i − 2α0
[
k2
2
+
βi
2
τ˜i
(
α0 − k
2
2
α2
)
− 1
α0
k2
2
α0
]
= 0
− 2k
2
2
τ˜iu
2 + 2α0
k2
2
{
−βi
2
τ˜i +
1
α0
k2
2
(α2 + 1) +
τ˜iα1
α0
}
u
+ βiα
2
0τ˜i − 2α0
βi
2
τ˜i
(
α0 − k
2
2
α2
)
= 0
− 2k
2
2
τ˜iu
2 + 2α0
k2
2
{
−βi
2
τ˜i +
1
α0
k2
2
(α2 + 1) +
τ˜iα1
α0
}
u+ α0βiτ˜i
k2
2
α2 = 0
Divide by −τ˜ik2/2:
2u2 − 2α0
[
−βi
2
+
1
τ˜iα0
k2
2
(α2 + 1) +
α1
α0
]
u− α0βiα2 = 0
Only keep lower order k terms:
2u2 + (βiα0 − 2α1)u− α0βiα2 = 0 (46)
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SPECIOUS ORIGIN OF THE GDC INSTABILITY
Now we examine how the GDC comes about in this formulism. We do not assume a magnitude for
β, but take 1/LB = 0, such that ωbi = ωbe = ω. The integrals in the dispersion relation are manipulated
as follows:
IφQ = 2
∫
dve−v
2
v
[
J20
ω¯i
ωbi
− 1 + τi
(
ω¯e
ωbe
− 1
)]
' 2
∫
dve−v
2
v
[(
1− k
2
4
v2 +
k4
64
v4
)2
ω¯i
ωbi
− 1 + τi
(
ω¯e
ωbe
− 1
)]
' 2
∫
dve−v
2
v
{(
1− k
2
2
v2 +
3k4
32
v4
)[
1− k
2ω
(1− ηi)− k
2ω
ηiv
2
]
− (1 + τi)
+τi
[
1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
]}
' 2
∫
dve−v
2
v
(
− (1 + τi) + 1− k
2ω
(1− ηi)− v2
{
k
2ω
ηi +
k2
2
[
1− k
2ω
(1− ηi)
]}
+v4
{
k2
2
k
2ω
ηi +
3k4
32
[
1− k
2ω
(1− ηi)
]}
+ τi
[
1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
])
' − (1 + τi) + 1− k
2ω
(1− ηi)− k
2ω
ηi − k
2
2
[
1− k
2ω
(1− ηi)
]
+ 2
k2
2
k
2ω
ηi +
3k4
16
[
1− k
2ω
(1− ηi)
]
+ τi
[
1 +
τek
2ω
(1− ηe) + τek
2ω
ηe
]
IφQ ' −k
2
2
{
1− k
2ω
(1 + ηi)− 3k
2
8
[
1− k
2ω
(1− ηi)
]}
(50a)
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IBA = 1 + 2
∫
dve−v
2
v3
(
J21
2βiω¯i
k2ωbi
+ v2
βeω¯e
2ωbe
)
= 1 + 2
∫
dve−v
2
v3
[(
k
2
v − k
3
16
v3 +
k5
384
v5
)2
2βiω¯i
k2ωbi
+ v2
βeω¯e
2ωbe
]
= 1 + 2
∫
dve−v
2
v3
[
2βi
k2
(
k2
4
v2 − k
4
16
v4
)(
1− k
2ω
(1− ηi)− k
2ω
ηiv
2
)
+v2
βe
2
(
1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
)]
= 1 + 2
βi
2
∫
dve−v
2
v5
[(
1− k
2
4
v2
)(
1− k
2ω
(1− ηi)− k
2ω
ηiv
2
)
+τe
(
1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
)]
= 1 + 2
βi
2
∫
dve−v
2
v5
[
1− k
2ω
(1− ηi)− v2
{
k
2ω
ηi +
k2
4
[
1− k
2ω
(1− ηi)
]}
+
k3
8ω
ηiv
4
+τe
(
1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
)]
= 1 +
βi
2
(
2
[
1− k
2ω
(1− ηi)
]
− 6
{
k
2ω
ηi +
k2
4
[
1− k
2ω
(1− ηi)
]}
+
3k3
ω
ηi
+τe
{
2
[
1 +
τek
2ω
(1− ηe)
]
+
3τek
ω
ηe
}]
= 1 + βi
{
1− k
2ω
(1− ηi)− 3 k
2ω
ηi − 3k
2
4
[
1− k
2ω
(1− ηi)
]
+
3k3
2ω
ηi
+τe
[
1 +
τek
2ω
(1− ηe) + 3τek
2ω
ηe
]}
= 1 + βi
{
1− k
2ω
(1 + 2ηi)− 3k
2
4
[
1− k
2ω
(1− ηi)
]
+
3k3
2ω
ηi + τe
[
1 +
τek
2ω
(1 + 2ηe)
]}
IBA = 1 + βi
{
1 + τe − k
2ω
[
(1 + 2ηi)− τ 2e (1 + 2ηe)
]− 3k2
4
[
1− k
2ω
(1 + 3ηi)
]}
(50b)
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1βi
IφA =
∫
dve−v
2
v2
(
−2J0J1 ω¯i
kωbi
+ v
ω¯e
ωbe
)
=
∫
dve−v
2
v2
[
−2
(
1− k
2
4
v2 +
k4
64
v4
)(
k
2
v − k
3
16
v3 +
k5
384
v5
)
ω¯i
kωbi
+ v
ω¯e
ωbe
]
=
∫
dve−v
2
v2
[
−2
k
(
k
2
v − 3k
3
16
v3 +
5k5
192
v5
)(
1− k
2ω
(1− ηi)
− k
2ω
ηiv
2
)
+ v
(
1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
)]
=
∫
dve−v
2
v3
[
−
(
1− 3k
2
8
v2 +
5k4
96
v4
)(
1− k
2ω
(1− ηi)
− k
2ω
ηiv
2
)
+ 1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
]
=
∫
dve−v
2
v3
[
−1 + k
2ω
(1− ηi) + v2
{
3k2
8
[
1− k
2ω
(1− ηi)
]
+
k
2ω
ηi
}
−v4
{
5k4
96
[
1− k
2ω
(1− ηi)
]
+
3k2
8
k
2ω
ηi
}
+ 1 +
τek
2ω
(1− ηe) + τek
2ω
ηev
2
]
2
βi
IφA = −1 + k
2ω
(1− ηi) + 2
{
3k2
8
[
1− k
2ω
(1− ηi)
]
+
k
2ω
ηi
}
− 6
{
5k4
96
[
1− k
2ω
(1− ηi)
]
+
3k2
8
k
2ω
ηi
}
+ 1 +
τek
2ω
(1− ηe) + 2τek
2ω
ηe
2
βi
IφA =
k
2ω
(1− ηi) + 3k
2
4
[
1− k
2ω
(1− ηi)
]
+ 2
k
2ω
ηi
− 5k
4
16
[
1− k
2ω
(1− ηi)
]
− 9k
2
4
k
2ω
ηi +
τek
2ω
(1− ηe) + 2τek
2ω
ηe
2
βi
IφA =
k
2ω
(1 + ηi) +
3k2
4
[
1− k
2ω
(1− ηi)
]
− 5k
4
16
[
1− k
2ω
(1− ηi)
]
− 9k
2
4
k
2ω
ηi +
τek
2ω
(1 + ηe)
1
βi
IφA =
k
4ω
[(1 + ηi) + τe (1 + ηe)] +
3k2
8
[
1− k
2ω
(1 + 2ηi)
]
(50c)
− 5k
4
32
[
1− k
2ω
(1− ηi)
]
(A57)
To third order in k, and in terms of α’s and u, these integrals are:
IφQ = −k
2
2
(
1− α1
u
)
IBA = 1 + βi
(
1 + τe − α3
u
)
1
βi
IφA =
α0
2u
+
3k2
8
(
1− α2
u
) (50)
The dispersion relation then leads to the following quadratic equation:
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IφQIBA = 2βi
(
1
βi
IφA
)2
−k
2
2
(
1− α1
u
) [
1 + βi
(
1 + τe − α3
u
)]
= 2βi
[
α0
2u
+
3k2
8
(
1− α2
u
)]2
−k
2
2
(
1 + βi (1 + τe)− 1
u
{βiα3 + α1 [1 + βi (1 + τe)]}+ βiα1α3 1
u2
)
= 2βi
[
α20
4
1
u2
+ α0
3k2
8
(
1− α2
u
) 1
u
+
9k4
64
(
1− α2
u
)2]
−k
2
2
(
1 + βi (1 + τe)− 1
u
{βiα3 + α1 [1 + βi (1 + τe)]}+ βiα1α3 1
u2
)
= 2βi
[(
α20
4
− α0α2 3k
2
8
+ α22
9k4
64
)
1
u2
+
(
α0
3k2
8
− α2 9k
4
32
)
1
u
+
9k4
64
]
βi
[(
α20 − α0α2
3k2
2
+ α22
9k4
16
)
1
u2
+
(
α0
3k2
2
− α2 9k
4
8
)
1
u
+
9k4
16
]
+ k2
(
1 + βi (1 + τe)− 1
u
{βiα3 + α1 [1 + βi (1 + τe)]}+ βiα1α3 1
u2
)
= 0
k2
[
1 + βi (1 + τe) + βi
9k2
16
]
u2 − k2
{
βiα3 + α1 [1 + βi (1 + τe)]− βi
(
3
2
α0 − α2 9k
2
8
)}
u
+ k2βiα1α3 + βi
(
α20 − α0α2
3k2
2
+ α22
9k4
16
)
= 0
and noting that βi (1 + τe) = β we get
k2
(
1 + β + βi
9k2
16
)
u2 − k2
[
βiα3 + α1 (1 + β)− βi
(
3
2
α0 − α2 9k
2
8
)]
u
+ k2βiα1α3 + βi
(
α20 − α0α2
3k2
2
+ α22
9k4
16
)
= 0.
(51)
The instability condition is given in terms of
∆GDC =
{
−k2
[
βiα3 + α1 (1 + β)− βi
(
3
2
α0 − α2 9k
2
8
)]}2
− 4k2
(
1 + β + βi
9k2
16
)[
k2βiα1α3 + βi
(
α20 − α0α2
3k2
2
+ α22
9k4
16
)]
= k4
[
βiα3 + α1 (1 + β)− βi3
2
α0
]2
− 4k2 (1 + β) βiα20
− 4k4 (1 + β)
(
βiα1α3 − 3
2
βiα0α2
)
− 4k2βi9k
2
16
βiα
2
0 +O
(
k6
)
= −4 (1 + β) βiα20k2 + k4
[
β2i α
2
3 + 2βiα1α3 (1 + β) + α
2
1 (1 + β)
2 − 3β2i α0α3 − 3βiα0α1 (1 + β)
+
9
4
β2i α
2
0
]
− 4k4 (1 + β) βi
(
α1α3 − 3
2
α0α2
)
− 4k2βi9k
2
16
βiα
2
0 +O
(
k6
)
= −4 (1 + β) βiα20k2 + k4
[
β2i α
2
3 − 2βiα1α3 (1 + β) + α21 (1 + β)2 − 3β2i α0α3 − 3βiα0α1 (1 + β)
+6 (1 + β) βiα0α2] +O
(
k6
)
∆GDC = −4 (1 + β) βiα20k2
+ k4
{
[βiα3 − α1 (1 + β)]2 + βiα0 [6 (1 + β)α2 − 3βiα3 − 3α1 (1 + β)]
}
+O (k6) . (54)
60
So that to lowest order the GDC growth rate is given by:
γGDC =
|∆GDC|1/2k
4k2
(
1 + β + βi
9k2
16
) ' [4 (1 + β) βiα20k2]1/2
4k (1 + β)
'
[
βiα
2
0
4 (1 + β)
]1/2
'
[
βi
4 (1 + β)
(
β
βi
Ln
Lp
)2]1/2
'
[
β
4 (1 + β)
]1/2(
β
βi
)1/2 ∣∣∣∣LnLp
∣∣∣∣
'
[
β
2 (1 + β)
]1/2(
1 + τe
2
)1/2 ∣∣∣∣LnLp
∣∣∣∣ .
In physical units this is
γGDC =
vti
|Ln|
[
β
2 (1 + β)
]1/2(
1 + τe
2
)1/2 ∣∣∣∣LnLp
∣∣∣∣ = [ β2 (1 + β)
]1/2 [
(1 + τe) 2Ti
2mi
]1/2
1
|Lp|
=
[
β
2 (1 + β)
]1/2 [
p0
n0mi
]1/2
1
|Lp|
γGDC =
[
β
2 (1 + β)
]1/2
Cs
|Lp| . (9)
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